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Abstract

Orders play important roles in analysis of term rewrite systems. Among oth-
ers, semantic path orders by Kamin and Lévy and weighted path orders by Ya-
mada, Kusakari and Sakabe are known to be quite powerful. The thesis presents
a generalization of these two classes of orders, which is useful for not only ter-
mination analysis but also for reachability analysis.
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Chapter 1

Introduction

This chapter motivates the theory of semantic path orders and weighted path
orders, and clarifies the contributions of the thesis.

1.1 Order-Based Techniques in Term Rewriting

Term rewrite systems (TRSs) are a model of symbolic computation. To build intu-
ition, let us consider the following TRS modeling addition of natural numbers.

add(0, y) 1−→ y add(s(x), y) 2−→ s(add(x, y))

Here, numbers are represented as terms built from the function symbols 0 and s:
0 represents zero, s(0) one, s(s(0)) two, and so on. The binary function symbol
add corresponds to addition, and the specification is described by the two rules:
rule 1 states that adding zero makes no difference, and rule 2 states that adding
x + 1 to y amounts to incrementing (by one) the result of adding x to y. Indeed,
2 + 1 = 3 can be computed by applying the rules to the corresponding term
add(s(s(0)), s(0)) until the rules are no longer applicable.

add(s(s(0)), s(0)) 2−→ s(add(s(0), s(0))) 2−→ s(s(add(0, s(0)))) 1−→ s(s(s(0)))

This two-rule TRS can be regarded as a way to teach computers how to add num-
bers. More generally, TRSs provide a foundation for the area of automated de-
duction, which is concerned about automation of mathematical reasoning with
computers.

The TRS of addition is terminating, which means that there is no infinite
rewrite sequence t0 → t1 → t2 → · · · of terms. This property is relevant, for
example, when we mechanize mathematical reasoning by means of TRSs. In
our example, the termination of the TRS of addition guarantees that the corre-
sponding rewriting-based mechanization of addition always terminates. How-
ever, because rules in TRSs are arbitrary in general, the property of termination
cannot be taken for granted. For instance, if we extend the TRS with the commu-
tativity rule add(x, y) → add(y, x), the property of termination no longer holds,
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Chapter 1: Introduction

as witnessed by the infinite rewrite sequence

add(0, s(0))→ add(s(0), 0)→ add(0, s(0))→ · · · .

As in termination proving in general, termination is concluded by finding a
suitable termination measure that decreases along each step of rewriting. For
this purpose, so-called reduction orders give a convenient characterization of ter-
mination of TRSs. For our example of addition, termination of the TRS is equiv-
alent to existence of a reduction order > that orients all the rules:

add(0, y) > y add(s(x), y) > s(add(x, y))

The polynomial interpretation method due to Lankford [69] is a way to construct
such a reduction order. Roughly speaking, the method associates each function
symbol with a polynomial, and thereby interprets terms into natural numbers.
For our purpose, let us interpret the symbol 0 as 1, s(x) as x + 1, and add(x, y)
as 2x + y. This interpretation A induces the reduction order >A satisfying

add(0, y) >A y add(s(x), y) >A s(add(x, y))

so we conclude the termination of the TRS. To give a taste of it, let us explain the
second inequality: the left-hand side add(s(x), y) is interpreted as 2(x + 1) + y =
2x + y + 2, while the right-hand side s(add(x, y)) is interpreted as 2x + y + 1.
That 2x + y + 2 > 2x + y + 1 for all natural numbers x and y entails the second
inequality.

The present work is concerned with order-based techniques (such as reduction
orders) in the area of term rewriting (the study of TRSs). Now, let us briefly
review existing work.

Reduction orders. As we have seen in the introductory example, reduction or-
ders are a basic method for analyzing termination of TRSs. Formally, a TRS R
is terminating if and only if there is a reduction order > that orients all rules
in R, that is, R ⊆ >. There has been a long line of research about reduction
orders. Lankford’s polynomial interpretation method [69] is an example of se-
matic methods to construct reduction orders. This method is now understood
as a special case of (strictly) monotone algebras due to Zantema [120]. We also
have syntactic methods for constructing reduction orders such as Dershowitz’s
recursive path order [32] (also called the multiset path order nowadays) and
the lexicographic path order due to Kamin and Lévy [59]. These methods are
parameterized by a quasi-order on function symbols called precedence. More-
over, it is also possible and effective to combine both of syntactic and semantic
methods. Such examples are the Knuth–Bendix order (KBO) [63, 67, 75, 78, 111],
the semantic path order (SPO) [26, 59], and the weighted path order (WPO) [117].
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1.1 Order-Based Techniques in Term Rewriting

Reduction orders have been applied not only for termination analysis but also
theorem proving procedures such as Knuth–Bendix completion [63], ordered
completion [10], and superposition calculus [9]. Indeed, there is a recent trend
to build orders for those methods [13, 14, 17, 20] motivated by higher-order
superposition calculus [15, 18].

Reduction pairs. The dependency pair method [3, 47, 54, 55] is one of the most
successful methods for automated termination analysis of TRSs. One of the
strengths of the method is that it allows us to use reduction pair, which is a more
general form of reduction order. As the name suggests, reduction pairs are pairs
of orders, rather than single orders. In its simplest form, the dependency pair
method states that a TRS R is terminating if and only if there is a reduction pair
(⩾,>) with R ⊆ ⩾ and DP(R) ⊆ >, where DP(R) consists of auxiliary rules
called dependency pairs. In fact, the dependency pair method with reduction
pairs is the core of powerful automatic termination analyzers for TRSs, such as
AProVE [49], NaTT [116] and TTT2 [66].

Co-rewrite pairs. The reachability problem in term rewriting asks whether a
term s can be rewritten to another term t under a TRS R, after suitably in-
stantiating variables in s and t. Alternatively, it can be understood as a sort
of safety problem about whether a good state s can reach a bad state t in the
system. The problem and its variants appear as subproblems in, among others,
the dependency pair method and also analysis of conditional TRSs (see for ex-
ample [74, 94]). Due to its importance, since 2019 there has been a competition
category for a variant of the reachability problem in the Confluence Competi-
tion [79]. Co-rewrite pair is a generalization of reduction pairs which characterizes
the reachability problem [114]: s cannot be rewritten to t under R (even after
instantiation) if and only if there is a co-rewrite pair (⩾,>) such that R ⊆ ⩾
and t > s. The termination prover NaTT also features reachability analysis by
co-rewrite pairs, and has stood on the podium in the competition many times.

Lexicographic path order. Now, let us explain Kamin and Lévy’s lexicographic
path order (LPO) [59], because this is useful to develop technical intuition about
the main subjects of the thesis. As mentioned earlier, the reduction order is
parameterized by a precedence, which is a quasi-order on function symbols.
The introductory example of addition can be shown terminating also with this
method: the LPO >L induced by a precedence ⪰ with add ≻ s satisfies

add(0, y) >L y add(s(x), y) >L s(add(x, y))

so the TRS is again proven terminating. The reasoning behind these inequali-
ties is as follows. The first inequality holds because y occurs in add(0, y) as a
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Chapter 1: Introduction

proper subterm. The second inequality is in fact more intricate: First the LPO
compares the head symbols add with s. Since add ≻ s with respect to the prece-
dence ⪰, it proceeds to recursive comparison with the argument of s, namely
add(s(x), y) >L add(x, y). This inequality also holds, because the first argument
of add is decreasing, i.e., s(x) >L x. Our informal explanation indicates that, as
opposed to Lankford’s polynomial interpretation, the LPO is quite syntactic.

Semantic path order. One of the two subjects of this thesis is the semantic path
order (SPO), which is a generalization of the lexicographic path order also due
to Kamin and Lévy [59]. (This relation is indicated as the arrow from the LPO
to the SPO in Fig. 1.1.) More precisely, the SPO is obtained from the LPO by
generalizing precedence to relation on terms. This generalization allows us, for
example, to use a polynomial interpretation instead of a precedence, enabling
a combination of the LPO and the interpretation method. Although such a
generalization does not yield a reduction order in general, Borralleras, Ferreira
and Rubio have developed a reduction order version called monotonic semantic
path order (MSPO), and thus obtained a powerful yet automatable method of
termination analysis of TRSs [22, 25, 26]. The reduction order is so powerful that
it can simulate a part of the dependency pair method, including the dependency
graph technique (see [22, Chapter 7]). On the other hand, use of the semantic
path order as reduction pair within the dependency pair method is not thoroughly
investigated.

Weighted path order. The other subject of the thesis is the weighted path order
(WPO) due to Yamada, Kusakari and Sakabe [117], which is another generaliza-
tion of the lexicographic path order. The order takes two parameters: one is a
precedence and the other is an algebra (such as a polynomial interpretation).
Like the SPO, the WPO can be regarded as a merger of the LPO and the polyno-
mial interpretation, and also generalizes the Knuth–Bendix order (see Fig. 1.1).
Moreover, the WPO has dedicated versions as a reduction pair and as a co-
rewrite pair, so it can be used more effectively in the dependency pair method
and in non-reachability analysis [114], respectively. In fact, the WPO in combi-
nation with the dependency pair method has been implemented in the powerful
automatic termination analyzers AProVE [60], NaTT [116] and TTT2 [89].

1.2 Overview and Contributions

So, currently we have two powerful yet seemingly different generalizations: the
semantic path order and the weighted path order. Under such a situation, it is
natural to ask whether it is possible to unify them. We answer to this question
affirmatively. This is done by the very simple idea of the semantic path order
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1.2 Overview and Contributions

to generalize precedence to relation on terms: we generalize the weighted path
order into one that uses relations on terms instead of algebra and precedence.
In fact, the situation about the thus-obtained order, dubbed generalized weighted
path order (GWPO), is parallel to that of the semantic path order: The gener-
alized weighted path order is not a reduction order in general, but there is a
reduction order version of it, which we call monotonic generalized weighted path
order (MGWPO).

As is demonstrated by the WPO, having a graceful unifying framework for
term orders tells us strictly more than having different methods separately, since
it typically suggests stronger constructions of orders. This is also the case for our
(M)GWPO. We demonstrate this with termination and reachability analysis of
TRSs. Another advantage of unifying the semantic path order and the weighted
path order is that it allows us to construct something in-between. This is in
need, for example, if we are interested in ground totality (a relevant property
for theorem proving), which the WPO can hold (under natural assumptions)
while the MSPO cannot (even under natural assumptions).

Figure 1.1: Relationship between orders. Dashed are our results.

Structure of Thesis

Chapter 2 is devoted to the preliminaries. The highlight is the section for the
semantic path order, where a variant of the order necessary for this thesis is in-
troduced. Chapter 3 introduces the monotonic generalized weighted path order
as reduction order. Interestingly, it turns out that the (monotonic) generalized
weighted path order can be simulated by the (monotonic) semantic path order
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with some overhead, see Fig. 1.1. We also extend these results to rewriting mod-
ulo associativity and commutativity, and construct a ground-total extension of
the weighted path order. Chapter 4 considers the reduction pair versions of the
generalized weighted path order, which extend those of the weighted path or-
der. As special cases of the GWPO, the reduction pair versions of the semantic
path order are obtained for the first time. In contrast to the previous chapter, the
simulation result by the semantic path order no longer holds. This is why there
is no arrow from (M)GWPO to (M)SPO in Fig. 1.1. Chapter 5 studies the gener-
alized weighted path order as co-rewrite pair. We begin with a simpler version
(known as rewrite pair), and then consider a more advanced version. Chapter 6
concludes the thesis by discussing future and related work. Here, applications
in the area of theorem proving are hinted.

Summary of Contributions

All in all, the contributions of the thesis are summarized as follows:

1. Modest refinements for the theory of SPO (Section 2.5). Although the theory of
SPO [22, 26, 59] is not our invention, some results (namely, Theorem 2.5.10
and Proposition 2.5.15) necessary for relating it to the (G)WPO are missing
in the existing literature. So, based on existing results, we introduce neces-
sary variants and note some pitfalls (e.g., boundedness) often overlooked.

2. (M)GWPO as reduction order (Chapter 3). Although the (M)GWPO general-
izes the WPO and the (M)SPO by definition, it turns out that the (M)SPO
can also simulate the (M)GWPO. Such a result has been unknown, even
for the original WPO. (This result is a sophistication of Geser’s pioneer-
ing result that a generalized version of the KBO can be simulated by the
SPO [42].) We further extend the result to rewriting modulo associativity
and commutativity. In practice, the simulation result has two implica-
tions: the SPO allows us to bypass the weak simplicity requirement of the
(G)WPO; conversely, the GWPO provides an optimized implementation
of the SPO which avoids some of recursive comparison under a certain
condition. Furthermore, in contrast to the SPO, we demonstrate that the
GWPO is more suited for constructing a reduction order that goes be-
yond the WPO but still enjoys ground totality, which is a relevant property
for theorem proving. In addition to these theoretical results, with a proto-
type implementation, we evaluate the methods on the standard benchmark
problems (TPDB [98]) for termination analysis of TRSs.

3. GWPO and SPO as reduction pair (Chapter 4). There are two versions of the
WPO as reduction pairs: a simple version and another with refinements.
We extend these to the GWPO, and thus obtain dedicated reduction-pair
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1.2 Overview and Contributions

versions of the SPO for the first time ever (see Table 1.1). In particular, the
refined version of the GWPO enjoys a nice property of simulating every
non-trivial reduction pair. This is slightly stronger than that of the WPO
only simulating non-trivial and normal reduction pairs, which do not fully
cover, for example, the GWPO as reduction pair. Then we reveal that the
simulation result between SPOs and GWPOs in the reduction order set-
ting no longer holds, which gives a justification of having the GWPO in
addition to the SPO. With a prototype implementation, we show that the
GWPO is more powerful than the original WPO as reduction pair in TPDB.

4. GWPO and SPO as co-rewrite pair (Chapter 5). Based on the simple version
of the GWPO as reduction pair, we develop two versions of the GWPO as
co-rewrite pair and thus obtain corresponding SPO versions. These tech-
niques allow us to solve reachability problems of term rewriting beyond
the capability of existing automatic tools. We also demonstrate it with a
prototype implementation.

Full experimental data and the prototype implementations are available at
https://data.non-terminat.ing/thesis-material.tar.gz.

Finally, we add about the relationship of the present thesis to the existing
publications where the author of the thesis is involved. Basically, Section 2.5
and Chapter 3 are a substantial extension of the conference paper [87], where a
special form of the simulation result between the original WPO and the SPO is
presented and a precursor of the prototype implementation is developed. We
warn that their GWPO in the paper refers to a particular construction of our
GWPO in the present thesis. (This is discussed in detail in Chapter 3). The
prototype tools of Chapter 4 and Chapter 5 are based on those of [88] and [61],
respectively. Other results are presented for the first time.

Table 1.1: First appearance of the methods.
WPO GWPO SPO

reduction order [117] Chapter 3 [26, 59]
reduction pair [117] Chapter 4 Chapter 4
co-rewrite pair [114] Chapter 5 Chapter 5
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Chapter 2

Preliminaries

This chapter provides the preliminary material of this thesis. More precisely,
Sections 2.1 to 2.3 collect basic facts and notations used throughout the thesis.
Sections 2.4 and 2.5 form a basis for Chapter 3; Section 2.6 is used in Section 3.4;
Section 2.7 is used in Chapter 4; and Section 2.8 is used in Chapter 5. For a more
detailed account of term rewriting, see the standard textbooks [8, 97].

2.1 Basic Order Theory

Let X and Y be sets. We write X ⊆ Y if X is a subset of Y (so possibly X = Y),
and X ⊊ Y if in addition X ̸= Y. The empty set is denoted by ∅. The set of
(ordered) pairs (x, y) from x ∈ X and y ∈ Y is denoted by X × Y. For a natural
number n, we write Xn for the set of all tuples (x1, . . . , xn) of length n, where
x1, . . . , xn ∈ X. As usual, we write X∗ for the set of all tuples (of arbitrary but
finite length) over X. The elements of X∗ are also called lists.

A binary relation on a set X is a subset of X × X. The empty relation is the
empty set ∅. The relation {(x, x) | x ∈ X} is the identity relation, denoted by =.
Let → be a binary relation on X. The relation → is transitive if x → z whenever
x → y and y → z; it is symmetric if y → x whenever x → y; it is antisymmetric
if x = y whenever x → y and y → x; it is reflexive if x → x for all x ∈ X;
and it is irreflexive if x → x does not hold for any x ∈ X. The relation extends
another relation ⇝ on X if x → y whenever x ⇝ y. The complement ̸→ is the
relation such that x ̸→ y if and only if x → y does not hold. The composition
→ · ⇝ is the relation such that x → · ⇝ y if and only if there is some z ∈ X
with x → z and z ⇝ y. The transitive closure of → is the smallest transitive
extension of →, denoted by →+. Similarly, the reflexive closure is defined as the
smallest reflexive extension, and the symmetric closure is defined as the smallest
symmetric extension. In particular, the transitive and reflexive closure is denoted
by →∗, and the reflexive, symmetric and transitive closure is denoted by ↔∗. The
inverse relation ← is the relation such that x ← y if and only if y → x. In this
way, we denote the inverse relation by reversing the symbol.

A relation is a strict order if it is transitive and irreflexive. A relation is a
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Chapter 2: Preliminaries

quasi-order (or preorder) if it is transitive and reflexive. It is called partial order
if in addition it is antisymmetric. The reflexive closure of a strict order is a
quasi-order. Conversely, a quasi-order ⩾ induces the strict part > defined as the
relation such that x > y if and only if x ⩾ y but not x ⩽ y. The strict part is
a strict order. Similarly, the equivalence part ≡ induced by ⩾ is the intersection
of ⩾ and its inverse ⩽. The relation ≡ is a so-called equivalence relation, i.e., it is
reflexive, transitive and symmetric.

A relation ⇝ on a set X is well-founded if there is no infinite sequence x0 ⇝
x1 ⇝ · · · . For example, the standard order > on the set N of natural numbers
is well-founded, while that on the set Z of integers is not. The well-founded
relation ⇝ provides the principle of well-founded induction (or just induction)
with respect to ⇝, meaning that for an arbitrary property P of elements in X,
every element x enjoys P if and only if every element x whose successors y all
enjoy P also enjoys P. Here, y is a successor of x if x ⇝ y. The principle can be
written as the following logical formula:

∀x P(x) ⇐⇒ ∀x (∀y (x⇝ y =⇒ P(y)) =⇒ P(x))

When we prove the left by proving the right instead, we say, for example, we
perform (well-founded) induction on x with respect to ⇝. The so-called math-
ematical induction on N is well-founded induction with respect to ⇝, where
x ⇝ y is defined as x = y + 1. Using the standard order > on N instead of ⇝
results in a convenient proof principle (known as complete induction or strong
induction) used throughout the thesis. So, we may not even mention what it is
with respect to.

A strict order > on a set X is called well-founded order if it is well-founded.
It is called well-order if it is total, meaning that x > y, x = y or y > x for all
x, y ∈ X. Similarly, a quasi-order ⩾ on a set X is well-founded if its strict part is
well-founded, and almost total if x ⩾ y or y ⩾ x for all x, y ∈ X. As usual, we say
that x is minimal with respect to > if there is no y with x > y.

A pair (⩾,>) of relations on the same set X is compatible if > · ⩾ ⊆ > and
⩾ · > ⊆ >. The pair (⩾,>) is an order pair if it is compatible, ⩾ is a quasi-order
and > is a strict order; it is well-founded if > is well-founded; and it is normal if
> ⊆ ⩾. We note that there are some variations of definitions of order pair. For
instance, what is called order pair in [114, Definition 1] corresponds to normal
order pair in our terminology. We say (⩾,>) is trivial if ⩾ is X × X. Note that
such an order pair is doomed to be the one with > identical to ∅: if there are
x > y then x > y ⩾ x and thus x > x, a contradiction. An order pair (⩾,>)
is total if > is. Similarly, it is almost total if ⩾ is. Note that totality alone does
not imply almost-totality, witnessed by the order pair (=,>) with x > y on
X = {x, y}. Note that normality is missing here. Actually, a total order pair is
almost total if and only if it is normal. So, the union > ∪ = coincides with ⩾ for
a total and normal order pair (⩾,>).
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2.1 Basic Order Theory

From now on, we recall basic constructions of order pairs. We begin with
lexicographic combination which provides a way to combine multiple order pairs
on the same set X into a more complex one on X.

Definition 2.1.1. Let (⩾A,>A) and (⩾B,>B) be pairs of relations on the same set X.
The lexicographic combination (⩾AB,>AB) is the pair of relations on X defined as
follows:

• x ⩾AB y if x >A y, or both x ⩾A y and x ⩾B y.

• x >AB y if x >A y, or both x ⩾A y and x >B y.

Lexicographic combination behaves well, in the sense that it preserves order-
pairedness and well-foundedness.

Proposition 2.1.2. Let (⩾A,>A) and (⩾B,>B) be order pairs on the same set. Then
(⩾AB,>AB) is again an order pair. If both (⩾A,>A) and (⩾B,>B) are well-founded,
so is (⩾AB,>AB).

The next construction is lexicographic product. In contrast to lexicographic com-
bination, order pairs on possibly different sets are combined into a strict order
on the set of tuples.

Definition 2.1.3. Let (⩾1,>1), . . . , (⩾n,>n) be n order pairs on sets A1, . . . , An, re-
spectively. The lexicographic product (⩾1,>1)⊗ · · · ⊗ (⩾n,>n) is the strict order
> defined on A1 × · · · × An as follows: (a1, . . . , an) > (b1, . . . , bn) if there exists an
index k ∈ {1, . . . , n} such that ak >k bk and aj ⩾j bj for all 1 ⩽ j < k.

While it is not necessary for the present thesis, we could also consider the
quasi-order resulting from lexicographic product. Like lexicographic combina-
tion, the product operation preserves well-foundedness.

Proposition 2.1.4. The lexicographic product of order pairs (⩾1,>1), . . . , (⩾n,>n) is
well-founded if every >i is well-founded.

The third construction is lexicographic extension, which turns an order pair
into one on the set of lists.

Definition 2.1.5. Let (⩾,>) be a pair of relations on a set A. The lexicographic
extension (⩾lex,>lex) are pairs of relations on A∗ defined recursively: (a1, . . . , am) ⩾lex

(b1, . . . , bn) if one of the following cases holds.

• n = 0

• m, n > 0 and a1 > b1

• m, n > 0 and a1 ⩾ b1, and moreover (a2, . . . , am) ⩾lex (b2, . . . , bn)
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Similarly, (a1, . . . , am) >lex (b1, . . . , bn) if one of the following cases holds.

• m > 0 and n = 0

• m, n > 0 and a1 > b1

• m, n > 0 and a1 ⩾ b1, and moreover (a2, . . . , am) >lex (b2, . . . , bn)

It is known that (⩾lex,>lex) is an order pair on A∗ if (⩾,>) is. However, >lex is
not well-founded even if > is. This can be illustrated by lists of natural numbers:

(1) >lex (0, 1) >lex (0, 0, 1) >lex · · ·

Well-foundedness is recovered by restricting A∗ by a fixed length, see [93, Sec-
tion 3] for a related discussion. Given a set A, we write A⩽n for the union of Ai

for all natural numbers i ⩽ n.

Proposition 2.1.6. If > is well-founded, then the restriction of >lex to A⩽n for a natural
number n ∈N is well-founded.

Quite often, for a single strict order > (rather than an order pair), we consider
the strict part >lex of the lexicographic extension of (=,>), where = is the iden-
tity relation. In that case, we may simply call >lex the lexicographic extension of
>.

The last construction is based on multisets, which are a variant of sets where
multiplicity of elements counts. Formally, a multiset on a set X is a function
M : X → N with M(x) > 0 for only finitely many x ∈ X. (So what we consider
here are finite multisets.) The set of all multisets on X is denoted by M(X).
For example, the function M : N → N defined by M(0) = 2, M(7) = 3 and
M(x) = 0 for other x ∈ N is a multiset on N which contains 2 zeros and 3
sevens. We write M as {0, 0, 7, 7, 7} by abusing the notation for sets. Similarly,
x ∈ M means M(x) > 0, the empty multiset ∅ is the constant function that
always returns 0, and for multisets M and N, we write M ⊎ N for the function
defined by (M ⊎ N)(x) = M(x) + N(x). Now, suppose that X is endowed with
an order pair (⩾,>). The multiset extension (⩾mul,>mul) is the pairs of relations
on M(X) defined as follows: M ⩾mul N if M and N can be written in the form of
M = {x1, . . . , xn} ⊎M′ and N = {y1, . . . , yn} ⊎ N′ in such a way that xi ⩾ yi for
all i and moreover, for all y ∈ N′ there is some x ∈ M′ with x > y; if in addition
M′ ̸= ∅, we write M >mul N. For example, we have {0, 3} >mul {0, 1, 2, 2}. If
(⩾,>) is a well-founded order pair, so is (⩾mul,>mul) [36, 102].

2.2 Term Rewriting

We begin with the definition of terms. A signature F is a designated set of
function symbols. Each function symbol is associated with a unique natural
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number called arity, which is regarded as the number of arguments of the func-
tion. Function symbols are called constants if their arity is 0, unary if their arity
is 1, and binary if their arity is 2. When we need to indicate the arity n of a func-
tion symbol f , we write f (n) for f . Let V be a designated countably infinite set
of variables with F ∩ V = ∅. The set T (F ,V) of terms are defined inductively:
every variable is a term, and f (t1, . . . , tn) is a term if f (n) ∈ F and t1, . . . , tn are
terms. The set T (F ,V) may be denoted by T when F and V are clear from the
context. The size |t| of a term t is the number of function symbols and variables
occurring in t. Similarly, given a term t and a variable x, we write |t|x for the
number of occurrences of x in t.

We define a few convenient notations for terms. For unary symbols f and
natural numbers n, we may use iteration notation f n(t) defined inductively:
f 0(t) = t and f n+1(t) = f ( f n(t)). Similarly, for binary function symbols, we
may use infix notation for readability. For example, for a binary symbol +, we
may write t1 + t2 for +(t1, t2). Also, we may use vector notation t = f (t̄) to
indicate that t is a term headed by the function symbol f . In this case, f is the
root symbol of t, denoted by root(t).

Let □ be a fresh constant called hole with □ /∈ F . Contexts are terms over
F ∪ {□} that contain exactly one hole. The term resulting from replacing □ in
a context C by a term t is denoted by C[t]. We write s Q t if there is a context C
with s = C[t]. In such a case, t is a subterm of s, or conversely, s is a superterm of t.
The strict part of Q is denoted by ▷. Similarly, s▷ t reads as t is a proper subterm
of s, or conversely as s is a proper superterm of t. A substitution is a mapping σ

from variables to terms such that {x ∈ V | σ(x) ̸= x} is finite. The application
tσ of a substitution σ to a term t is inductively defined as follows: tσ = σ(t) if t
is a variable, and tσ = f (t1σ, . . . , tnσ) if t = f (t1, . . . , tn).

An ordered pair (ℓ, r) of terms is called equation, which we may denote by
ℓ ≈ r. A set E of equations is called equational system. The relation→E is defined
on terms as follows: s →E t if there exist an equation ℓ ≈ r ∈ E , a context C,
and a substitution σ such that s = C[ℓσ] and t = C[rσ] hold. When C = □, it is
written as s ϵ−→E t.

An equation (ℓ, r) is said to be a rewrite rule if ℓ is not a variable and every
variable in r occurs in ℓ. Rewrite rules (ℓ, r) are written by ℓ→ r. A set of rewrite
rules is called a term rewrite system (TRS). A TRSR is non-duplicating if every rule
ℓ→ r ∈ R is non-duplicating, meaning that |ℓ|x ⩾ |r|x for all variables x.

Example 2.2.1. In Section 1.1 we have already seen the TRS R of addition.

add(0, y) 1−→ y add(s(x), y) 2−→ s(add(x, y))

The system is non-duplicating. A possible rewrite sequence is:

add(s(s(0)), s(0))→R s(add(s(0), s(0)))→R s(s(add(0, s(0))))→R s(s(s(0)))
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We use this system for illustrating basic techniques later.

Let ↪→ be a relation on terms. We say that

• ↪→ is closed under contexts or just monotone if C[s] ↪→ C[t] holds whenever
s ↪→ t and C is a context;

• ↪→ is closed under substitutions or just stable if sσ ↪→ tσ holds whenever
s ↪→ t and σ is a substitution;

• ↪→ is a rewrite relation if it is stable and monotone;

• ↪→ has the subterm property if s ↪→ t whenever s▷ t; and

• ↪→ is harmonious to another relation⇝ on terms if

si ⇝ t =⇒ f (s1, . . . , si, . . . , sn) ↪→ f (s1, . . . , t, . . . , sn)

for all n-ary function symbols f , integers 1 ⩽ i ⩽ n, and terms s1, . . . , sn, t.

It is not hard to see that ↪→ is closed under contexts if and only if ↪→ is harmo-
nious to itself. We say that a pair (⩾,>) of relations on terms is stable if ⩾ and
> are closed under substitutions.

A term that contains no variables is called ground. A strict order > on terms
is ground total if either s > t or t > s holds for all distinct ground terms s, t.

A term t is terminating with respect to a relation ↪→ on terms if there is no
infinite sequence t ↪→ t1 ↪→ t2 ↪→ · · · starting from t. Termination of the relation
↪→ is defined as absence of non-terminating terms. A TRS R is terminating if
→R is. Given TRSs R and S , the relation→R/S is defined on terms as follows:
s →R/S t if s →∗S u →R v →∗S t for some terms u and v. We say that R
is relatively terminating with respect to S , or R/S is terminating, if →R/S is
terminating.

Termination of TRSs is often shown by orders. We say that a rewrite relation
is a rewrite preorder or reduction order if it is a preorder or a well-founded order,
respectively.

Proposition 2.2.2. A TRS R is terminating if R ⊆ > for some reduction order >.

A powerful method for automated termination analysis is the dependency
pair method (to be explained in Section 2.7). Rather than reduction orders,
this method is based on reduction pairs, namely well-founded stable order pairs
(⩾,>) with ⩾ closed under contexts. A reduction pair (⩾,>) is monotone if > is
also closed under contexts. We note that > is a reduction order for a monotone
reduction pair (⩾,>). Conversely, given a reduction order >, the pair (⩾,>) of
the reflexive closure ⩾ and > is a monotone reduction pair.
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2.3 Interpretation-Based Orders

Algebra (or interpretation) is useful for constructing reduction orders/pairs. Let
F be a set of function symbols. An F -algebra is a pair (A, { fA} f∈F ), where A
is a set called a carrier, and fA is an n-ary function on A (called an interpretation
function) associated with each f (n) ∈ F . Let A = (A, { fA} f∈F ) be an algebra. A
mapping from V to A is called an assignment for A. The interpretation [α]A(t) of
a term t under an assignment α is inductively defined as follows: [α]A(t) = α(t)
if t is a variable, and [α]A(t) = fA([α]A(t1), . . . , [α]A(tn)) if t = f (t1, . . . , tn).
Assume that the carrier A is endowed with an order pair (⩾,>). We write s >A t
if [α]A(s) > [α]A(t) for all assignments α. The relation >A is a stable strict order.
Similarly we write s ⩾A t if [α]A(s) ⩾ [α]A(t) holds for all assignments α. The
relation ⩾A is a stable quasi-order, and satisfies compatibility with >A, namely
⩾A · >A ⊆ >A and >A · ⩾A ⊆ >A. An i-th argument position of f (n) ∈ F with
1 ⩽ i ⩽ n is said to be

• strictly simple if fA(a1, . . . , ai, . . . , an) > ai for all a1, . . . , an ∈ A;

• weakly simple if fA(a1, . . . , ai, . . . , an) ⩾ ai for all a1, . . . , an ∈ A;

• strictly monotone if fA(a1, . . . , ai, . . . , an) > fA(a1, . . . , b, . . . , an) follows from
ai > b for all a1, . . . , an, b ∈ A; and

• weakly monotone if fA(a1, . . . , ai, . . . , an) ⩾ fA(a1, . . . , b, . . . , an) follows from
ai ⩾ b for all a1, . . . , an, b ∈ A.

The terminology above carries over to subsets G ⊆ F : For example, we say that
A is strictly simple for G if every argument position of f ∈ G is so. Moreover,
if G = F , we may simply call A strictly simple. The algebra A is well-founded if
> is well-founded; normal if > ⊆ ⩾; and trivial if the carrier A is a singleton set.
It is known that if > is well-founded, so is >A. Similarly, if A is normal, so is
(⩾A,>A). If A is trivial, then ⩾A degenerates to T × T , and >A to ∅. If A is a
weakly monotone algebra, ⩾A is a rewrite preorder. If A is a strictly monotone
algebra, >A is a reduction order. If A is strictly (resp. weakly) simple, >A (resp.
⩾A) has the subterm property. An important consequence is:

Proposition 2.3.1 ([120]). If A is a weakly monotone and well-founded algebra, then
(⩾A,>A) is a reduction pair. If in addition A is strictly monotone, then (⩾A,>A) is
a monotone reduction pair.

Lankford’s polynomial interpretation [69] is a popular choice for algebras.
Formally, a polynomial interpretation over a set A of integers is an algebra whose
carrier is A (ordered as usual) and interpretations of function symbols are given
by polynomials over integers. Normally we use N for the carrier A but also the
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set Z⩽0 of negative integers (including zero) when reachability is concerned. A
linear polynomial interpretation A is a polynomial interpretation such that the in-
terpretation fA(x1, . . . , xn) is of the form c0 + c1x1 + · · ·+ cnxn for each function
symbol f (n). Suppose that A is a linear polynomial interpretation over N. In
this case, as fA(x1, . . . , xn) = c0 + c1x1 + · · ·+ cnxn are well-defined mappings
from Nn to N, automatically c0, c1, . . . , cn ∈ N holds. So the interpretation is
not only well-founded and normal but also weakly monotone. Moreover, the i-
th argument of a function symbol f is strictly monotone, and strictly and weakly
simple if and only if ci > 0.

The next proposition is convenient for mechanizing (⩾A,>A) for a linear
polynomial interpretation A, as it reduces the task to comparison of coefficients.
For functions f , g : Nn → N, we write f ⩾ g if f (x1, . . . , xn) ⩾ g(x1, . . . , xn)
for all x1, . . . , xn ∈ N and similarly, we write f > g on N if f (x1, . . . , xn) >
g(x1, . . . , xn) for all x1, . . . , xn ∈N.

Proposition 2.3.2. Let f (x1, . . . , xn) = c0 + c1x1 + · · ·+ cnxn and g(x1, . . . , xn) =
d0 + d1x1 + · · ·+ dnxn be mappings from Nn to N. Then the next statements hold.

• f ⩾ g if and only if c0 ⩾ d0 and ci ⩾ di for all 1 ⩽ i ⩽ n.

• f > g if and only if c0 > d0 and ci ⩾ di for all 1 ⩽ i ⩽ n.

Now, it is nice exercise to re-do the termination proof of Section 1.1 formally.
Alongside we also explain how to automate it with computers.

Example 2.3.3. Consider the TRS of addition (Example 2.2.1). To show the termi-
nation with Proposition 2.2.2, it suffices to find a strictly monotone linear polyno-
mial interpretation A over N with R ⊆ >A. Let 0A = a, sA(x) = bx + c and
addA(x, y) = dx + ey + f . Here a, b, c, d, e and f are natural numbers to be deter-
mined. By calculation, one can see that the requirement R ⊆ >A is equivalent to

ey + ad + f > y bdx + ey + cd + f > bdx + bey + b f + c

for all x, y ∈ N. By Proposition 2.3.2, these inequalities boil down to the following
constraints:

e ⩾ 1 ad + f > 0 bd ⩾ bd e ⩾ be cd + f > b f + c

Also, to guarantee strict monotonicity, we additionally demand that b, d, e are all posi-
tive. A solution of these constraints is the one used in the introduction, namely:

a = 1 b = 1 c = 1 d = 2 e = 1 f = 0

So, the termination of R is witnessed by this interpretation.
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To find a solution of inequality constraints as above, we can consider using
satisfiability modulo theory (SMT) solvers. Unfortunately, the problem is a vari-
ant of Hilbert’s 10th problem which is shown undecidable by a straightforward
adaptation of [80, Lemma 2.2].1 So, there is no guarantee for SMT solvers to
always find a solution. A simple but practical approach (suggested for example
in [117]) is to restrict non-constant coefficients (b, d, e in the example) at most one
in order to keep the resulting constraints within decidable linear arithmetic with
if-then-else expressions (supported by many SMT solvers), at the expense of ex-
pressiveness. For example, with this restriction the constraint cd + f > b f + c
can be expressed as

(> (+ (ite (= d 1) c 0) f) (+ (ite (= b 1) f 0) c))

in SMT-LIB [12] using if-then-else (ite). The prototype implementations of this
thesis follow this approach for linear polynomial interpretations. Another possi-
ble approach is to restrict coefficients as well as constants (a, c, f in the example)
below a fixed upper bound so that the constraints stay within decidable bit-
vector arithmetic (or propositional SAT) [40].

A max/plus interpretation A associates a combination of + and max for each
function symbol. For simplicity, we only consider N as the carrier, and the
interpretations are restricted to the following form (adapted from [117, Defini-
tion 7]): For each f (n) ∈ F its interpretation is of the form fA(x1, . . . , xn) =
max{c0, c1 + c′1x1, · · · , cn + c′nxn} where c0 is a natural number, c1, . . . , cn ∈ Z

and c′1, . . . , c′n ∈ {0, 1}.2 The i-th argument of a function symbol f is weakly
simple if and only if ci ⩾ 0 and c′i > 0. Every max/plus interpretation A is
weakly monotone, well-founded and normal.

Now, let us consider how to mechanize (⩾A,>A) for a max/plus interpre-
tation A. Given a term, the interpretation can be messaged into the form
max{g1, . . . , gm} where g1, . . . , gm are linear univariate polynomials cx + d with
c ∈ {0, 1} and d ∈ Z. Again, comparison of max/plus interpretation is reduced
to that of coefficients using the following fact:

Proposition 2.3.4. Let G, H : Nℓ →N be functions defined as

G(x1, . . . , xℓ) = max{g1, . . . , gm} H(x1, . . . , xℓ) = max{h1, . . . , hn}

where m and n are positive integers, and g1, . . . , gm, h1, . . . , hn can be written in the
form cxk + d for some c ∈ {0, 1}, integer d and indices 1 ⩽ k ⩽ ℓ. Then:

• G ⩾ H if and only if for every hj = cjx + dj there exists gi = cix + di such that
ci ⩾ cj and di ⩾ dj.

1Even worse, the original problem (existence of a strictly monotone linear polynomial interpre-
tation A over N with R ⊆ >A for a finite TRS R) is already undecidable [80].

2Automation techniques for a more general form of interpretations are studied in [41].
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• G > H if and only if for every hj = cjx + dj there exists gi = cix + di such that
ci ⩾ cj and di > dj.

Proof. We only show the first claim, as the second can be shown in a similar
fashion. The if direction is trivial. To show the only-if direction, assume G ⩾ H
and let hj = cjxk + dj. If cj = 0 then we choose gi = cix + di with the largest
di. We can write hj = 0 · x + dj, and also di = G(0, . . . , 0) ⩾ H(0, . . . , 0) ⩾ dj as
desired. If cj = 1, then from G ⩾ H there is some gi = xk + di. Among them,
we choose gi = xk + di with the largest di. Now, by taking a sufficiently large
natural number for xk we have

G(0, . . . , xk, . . . , 0) = xk + di ⩾ H(0, . . . , xk, . . . , 0) ⩾ xk + dj,

so di ⩾ dj as desired.

For the only-if direction of Proposition 2.3.4, it is crucial that c ∈ {0, 1} for
the inner polynomials cxk + d: For example, let G(x) = max{1, 2x} and H(x) =
max{x} = x. Although G > H, the criterion does not apply.

Example 2.3.5. Consider searching a max/plus interpretation A

fA(x) = max{a, bx + c} gA(x) = max{d, ex + f }

satisfying the constraint f(x) >A g(f(x)). By calculation, the inequality boils down to

fA(x) = max{a, bx + c} > max{d, ae + f , bex + ce + f } = gA(fA(x))

for all x ∈N. Proposition 2.3.4 transforms this to

(a > d ∨ c > d) ∧ (a > ae + f ∨ c > ae + f )
∧ ((be = 0∧ a > ce + f ) ∨ (b ⩾ be ∧ c > ce + f ))

A possible solution satisfying the implicit requirements such as b, e ∈ {0, 1} is a =
d = 0, b = c = e = 1 and f = −1. So, we obtain the corresponding interpretation
fA(x) = x + 1 and gA(x) = max{0, x− 1}.

Concerning automatic search of algebras, our prototype implementations use
Proposition 2.3.4 to reduce the task to constraint solving in decidable linear
arithmetic by an SMT solver. A key to enable this is the restriction c′1, . . . , c′n ∈
{0, 1} in our definition of max/plus interpretation, which corresponds to b, e ∈
{0, 1} in the example.

We say an algebra A is almost total if (⩾,>) is almost total, and total if (⩾,>)
is total. Polynomial interpretations and max/plus interpretations are examples
of total and normal (thus also almost total) algebras. Relations ⩾A are almost
total on ground terms for almost total algebras A. However, >A are not total
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on ground terms in general, even if A is normal. For example, consider the
polynomial interpretation A with aA = bA = 0.

A term algebra is an algebra T̄ whose carrier is the set of terms and function
symbols are interpreted as themselves, i.e., fT̄ (t1, . . . , tn) = f (t1, . . . , tn) for all n-
ary function symbols f and terms t1, . . . , tn. Let (⩾,>) be a reduction pair. Then
term algebra T̄ equipped with (⩾,>) is weakly monotone, and the induced
order pair (⩾T̄ ,>T̄ ) is in fact identical to (⩾,>). This fact allows us to switch
from order pairs to algebras.

2.4 Weighted Path Order and its Special Cases

So-called path orders are a rather syntactical way to construct reduction orders
(as opposed to the interpretation method). They typically use quasi-orders on
the signature called (quasi-)precedences. A precedence that is a partial order is
called partial precedence. Similarly, a precedence that is a total order is called
total precedence. A quasi-precedence ⪰ is called well-founded if its strict part ≻ is
well-founded. The lexicographic path order (LPO) [59] is a typical example of path
orders that uses precedence.

Definition 2.4.1. Let ⪰ be a precedence. The lexicographic path order >L is defined
on terms as follows: s >L t if s = f (s1, . . . , sm) and one of the following conditions
holds.

1. si ⩾L t for some 1 ⩽ i ⩽ m.

2. t = g(t1, . . . , tn) and s >L tj for all 1 ⩽ j ⩽ n, and moreover

a. f ≻ g, or

b. f ⪰ g and (s1, . . . , sm) >lex
L (t1, . . . , tn).

Here ⩾L is the reflexive closure of >L and >lex is the lexicographic extension of >.

As the name suggests, the LPO uses lexicographic extension to compare argu-
ments. The version that uses multiset extension instead is known as the multiset
path order [32], and the one that employs both is known as the recursive path order
(with status). See also [103, Definition 4] for a most general version, and [91] for
a historical account.

When the signature is infinite, lexicographic path orders are not always well-
founded, even if the precedences are well-founded, see Proposition 2.1.6.

Example 2.4.2. Consider the signature consisting of a(0), b(0), and f
(i)
i for all numbers

i ∈ N. Let ⪰ be a well-founded precedence satisfying a ≻ b and fi ⪰ fj for all i, j ∈ N.
The LPO >L induced from ⪰ admits the infinite chain:

f1(a) >L f2(b, a) >L f3(b, b, a) >L · · ·
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See [104, Section 3] and [93, Section 3] for related discussions.

Well-foundedness of >L is restored by assuming existence of an upper bound
of arity, cf. Proposition 2.1.6. We refer to this property as boundedness of the
signature. Needless to say, a signature is bounded whenever it is finite.

Proposition 2.4.3 ([59]). Suppose that the signature is bounded. For every well-
founded precedence, the induced lexicographic path order is a reduction order with the
subterm property.

For example, one can use the lexicographic path order with a precedence ⪰
with add ≻ s to show that the TRS of addition (Example 2.2.1) is terminat-
ing. More precisely, add(0, y) >L y is shown by case 1, and add(s(x), y) >L

s(add(x, y)) is shown by case 2a followed by case 2b to show add(s(x), y) >L

add(x, y).
The Knuth–Bendix order (KBO) [63] uses weight in addition to precedence. A

weight is a pair (w0, w) consisting of a positive integer w0 and a function w from
function symbols to natural numbers with w(c) ⩾ w0 for all constants c. The
weight w(t) of a term t is defined inductively: w(x) = w0 for variables x, and
w(t) = w( f ) + ∑i w(ti) for t = f (t1, . . . , tn).

Definition 2.4.4. Let (w0, w) be a weight and ⪰ a partial precedence. The Knuth–
Bendix order >K is inductively defined as follows: s >K t if |s|x ⩾ |t|x for all variables
x, and

1. w(s) > w(t), or

2. w(s) = w(t) and one of the following conditions holds.

a. s = f n(t) for some n > 0 and t is a variable.

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), and either

i. f ≻ g or

ii. f = g and (s1, . . . , sm) >lex
K (t1, . . . , tn).

The weight (w0, w) is admissible for ≻, if f ≻ g for other function symbols g whenever
f is a unary function symbol with w( f ) = 0.

Proposition 2.4.5 ([63]). If ⪰ is well-founded and (w0, w) is admissible for ≻, then
>K is a reduction order with the subterm property.

Example 2.4.6. We prove that the TRS R of addition (Example 2.2.1) is terminating
by the KBO. Consider the admissible weight w0 = w(0) = w(s) = w(add) = 1 (which
simply counts the number of symbols in a term) and a precedence ⪰ with add ≻ s.
We verify that the induced KBO >K satisfies R ⊆ >K: for the first rule, 0+ y >K y
follows from case 1 as w(0+ y) = 3 > 1 = w(y); for the second rule, add(s(x), y) >K

s(add(x, y)) follows from case 2b as w(add(s(x), y)) = 4 = w(s(add(x, y))) and
add ≻ s.
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2.4 Weighted Path Order and its Special Cases

The weighted path orders (WPO) is a class of reduction orders introduced by
Yamada, Kusakari and Sakabe [117]. The definition of WPOs is based on an
algebra A and a precedence ⪰.3 A WPO compares terms s and t as a KBO does:
First the terms are compared by s >A t. If only weak inequality s ⩾A t holds
then their root symbols, say f and g, are compared by the precedence ⪰. If again
only weak inequality f ⪰ g holds, arguments are compared lexicographically.

Definition 2.4.7 ([117]). Let A be an ordered F -algebra and ⪰ a precedence. The
weighted path order >W is defined on terms over F as follows: s >W t if

1. s >A t, or

2. s ⩾A t, s = f (s1, . . . , sm), and one of the following conditions holds.

a. si ⩾W t for some 1 ⩽ i ⩽ m.

b. t = g(t1, . . . , tn) and s >W tj for all 1 ⩽ j ⩽ n, and moreover

i. f ≻ g, or

ii. f ⪰ g and (s1, . . . , sm) >lex
W (t1, . . . , tn).

Here ⩾W denotes the reflexive closure of >W.

Theorem 2.4.8 ([117]). Suppose that the signature is bounded. For every well-founded,
normal, weakly simple and monotone algebra and well-founded precedence, the induced
relation >W is a reduction order with the subterm property. If in addition the algebra is
almost total and the precedence is total, then >W is ground total.

We note that the normality requirement is spotted by [103]. Otherwise, the
order loses monotonicity, as witnessed by the following pathological example.

Example 2.4.9. Consider the signature F = {f(1), a(0), b(0)}. As there is no function
symbol of arity greater than 1, the relation Q is a rewrite preorder. We define s > t
as t = b and either s = a or s = f(u) for some term u. Then (Q,>) is a reduction
pair. Now, we consider the term algebra T̄ equipped with (Q,>) which is well-founded,
weakly monotone and weakly simple, but not normal since a > b but a Q b does not
hold. The WPO >W induced by T̄ and an arbitrary precedence is not monotone: a >W b

by case 1 but f(a) >W f(b) does not hold because neither f(a) > f(b) nor f(a) Q f(b)
holds.

Weak simplicity of algebra is essential for well-foundedness of WPO. Even
worse, otherwise the order is not even irreflexive.

3In contrast to [117, Definition 3], we do not consider the status extension to allow permutation
of arguments. This is merely to simplify the presentation.
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Example 2.4.10. Let A be the weakly monotone and normal algebra on N given by
aA = 1 and fA(x) = 0. The WPO >W induced by A and any precedence satisfies
f(a) >W f(a) which can be seen by applying case 2a and then case 1.

The next is an example of termination proof by WPO.

Example 2.4.11. Consider the following TRS R [117, Example 9]:

f(g(x))→ g(f(f(x))) f(h(x))→ h(h(f(x)))

Let A be the weakly simple and monotone algebra on N with fA(x) = hA(x) = x
and gA(x) = x + 1. Take a precedence ⪰ with f ≻ g ≻ h. The relation f(g(x)) >W

g(f(f(x))) is verified by the following derivation:

f(g(x)) ⩾A g(f(f(x))) f ≻ g

f(g(x)) >A f(f(x))
1

f(g(x)) >W f(f(x))
2b(i)

f(g(x)) >W g(f(f(x)))

Here 1 and 2b(i) indicate the corresponding cases in Definition 2.4.7. Similarly, one can
verify f(h(x)) >W h(h(f(x))). Therefore, R ⊆ >W follows. Hence, we conclude that
R is terminating.

In general, it is known that the WPO generalizes the LPO and the KBO in
the following sense: KBOs are WPOs induced by a restricted form of linear
polynomial interpretations over N, and LPOs are WPOs induced by a restricted
form of max/plus interpretations [117]. So every termination proof by an LPO
or KBO (like Examples 2.4.6 and 2.5.3) can be simulated by a corresponding
WPO.

We hint a limitation of termination proving by reduction orders with the sub-
term property. A TRS R on a finite signature is simply terminating [78, Defini-
tion 4.1] if there is a reduction order > with R ⊆ > and the subterm property.
There is a TRS that is terminating but not simply: {f(f(x))→ f(g(f(x)))} is such
an example [120]. In other words, the WPO cannot show its termination, let
alone the LPO and the KBO.

2.5 Semantic Path Order

The semantic path order (SPO) [59] can be used for showing termination of non-
simply terminating TRSs. Among many variants of it, we need a version of
semantic path order based on order pair, and lexicographic comparison of argu-
ments. Use of this version is essential for showing the correspondence between
the WPO (Definition 2.4.7) and the SPO, as we see in Chapter 3.
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2.5 Semantic Path Order

Definition 2.5.1. Let (⊒,⊐) be a pair of relations on terms.4 The semantic path order
>S is defined on terms as follows: s >S t if s = f (s1, . . . , sm) and one of the following
conditions holds.

1. si ⩾S t for some 1 ⩽ i ⩽ m.

2. t = g(t1, . . . , tn) and s >S tj for all 1 ⩽ j ⩽ n, and moreover

a. s ⊐ t, or

b. s ⊒ t and (s1, . . . , sm) >lex
S (t1, . . . , tn).

Here ⩾S denotes the reflexive closure of >S.

Remark 2.5.2. In the literature, there is no definition of the SPO that is precisely iden-
tical to Definition 2.5.1, to our best knowledge. The standard definitions of SPOs ([59]
and [22, Definition 4.1.19]) use the multiset extension instead of the lexicographic ex-
tension. The lexicographic version ([22, Definition 4.5.1]) introduced by Borralleras can
be obtained by setting ⊐ to the strict part of ⊒ in Definition 2.5.1. In her thesis, one can
find a multiset version [22, Definition 4.1.19] of ours.

LPOs are special instances of SPOs:

Example 2.5.3. Let ⪰ be a precedence. We define s ⊒ t as s = t, or s = f (s̄), t = g(t̄)
and f ⪰ g, and let ⊐ be the strict part of ⊒. The lexicographic path order >L induced
by ⪰ could be defined as the semantic path order induced by (⊒,⊐).

Now, we prove properties of this version of SPO. The proof techniques are
also useful for the main part of the thesis.

Let (⊒,⊐) be a stable order pair on T and let >S be the semantic path order
induced by (⊒,⊐). The transitivity, reflexivity, and stability of >S are straight-
forward to prove.

Lemma 2.5.4. The SPO >S is a stable strict order with the subterm property.

Hereafter we assume that ⊐ is well-founded and F is bounded. For showing
that >S is well-founded, we adopt Buchholz’s method [28]. One can find a
similar proof in [117, Lemma 8]. We write SN(>S) for the set of all terms t such
that there is no infinite descending sequence t >S t1 >S t2 >S · · · starting from
t.5 The following properties are immediate:

• The restriction of >S to SN(>S) is a well-founded order on SN(>S).

• t ∈ SN(>S) if u ∈ SN(>S) for all terms u with t >S u.

4Observe that Definition 2.5.1 uses the order pair only when s and t are not variables, so
behavior of the orders on variables does not matter.

5SN stands for strong normalization, which is another name of termination.
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Buchholz’s method proves well-foundedness by well-founded induction. The
lexicographic product≫ given by

(⊒,⊐)⊗ (⩾lex
S ,>lex

S )⊗ (Q,▷)

is a well-founded order on T × SN(>S)
⩽M × T . Here M stands for the maxi-

mum arity in the signature F , and ⩾lex
S for the reflexive closure of >lex

S .

Lemma 2.5.5. The term u belongs to SN(>S) whenever t = f (t1, . . . , tn) >S u and
t1, . . . , tn ∈ SN(>S).

Proof. We show the claim by well-founded induction on (t, (t1, . . . , tn), u) with
respect to≫. Here we proceed by analyzing the derivation of t >S u. If t >S u is
derived from SPO 1 then ti ⩾S u for some i ∈ {1, . . . , n}. In this case u ∈ SN(>S)
trivially follows from ti ∈ SN(>S). If t >S u is derived from SPO 2a or SPO 2b,
then u is of the form g(u1, . . . , um) and t >S uj for all j ∈ {1, . . . , m}. From u▷ uj
we have (t, (t1, . . . , tn), u)≫ (t, (t1, . . . , tn), uj). So from the induction hypothesis
ui ∈ SN(>S) for each j. For showing our goal u ∈ SN(>S) fix an arbitrary term
v with u >S v. We further distinguish the case of SPO 2a and that of SPO 2b.

a. If t >S u is derived from SPO 2a then t ⊐ u. Thus, (t, (t1, . . . , tn), u) ≫
(u, (u1, . . . , um), v), and the induction hypothesis yields v ∈ SN(>S).

b. If t >S u is derived from SPO 2b then we additionally have t ⊒ u and
(t1, . . . , tn) >lex

S (u1, . . . , um). Thus, (t, (t1, . . . , tn), u) ≫ (u, (u1, . . . , um), v)
holds. So from the induction hypothesis we obtain v ∈ SN(>S).

In either case v ∈ SN(>S). So we conclude u ∈ SN(>S).

Lemma 2.5.6. The relation >S is well-founded.

Proof. We show that t ∈ SN(>S) by induction on |t|. If t is a variable trivially
t ∈ SN(>S). Otherwise, Lemma 2.5.5 applies.

Theorem 2.5.7. Suppose that the signature is bounded. If (⊒,⊐) is a stable and well-
founded order pair on terms, the induced semantic path order is a stable well-founded
order with the subterm property.

In general, semantic path orders are not closed under contexts. For a remedy,
Borralleras and her collaborators [22, 26] have proposed the use of another pre-
order with the harmony property. This results in monotonic semantic path orders
(MSPOs).

Definition 2.5.8 ([22, Definition 4.1.20]). A triple (⩾,⊒,⊐) is a reduction triple if
⩾ is a rewrite preorder on terms, (⊒,⊐) is a stable order pair on T with⊐ well-founded,
and ⊒ is harmonious to ⩾.
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2.5 Semantic Path Order

We add a few words for disambiguation: Borralleras calls reduction triples by
reduction triplets [22]. In addition, in the context of dependency pairs, there is
another usage of the term in a different meaning [55].

Definition 2.5.9. Let (⩾,⊒,⊐) be a reduction triple, and let >S be the semantic path
order induced from (⊒,⊐). The monotonic semantic path order s >MS t is defined
as s ⩾ t and s >S t.

So >MS is defined as the intersection of ⩾ and >S.

Theorem 2.5.10. Every monotonic semantic path order is a reduction order, provided
that the signature is bounded.

Proof. The proof due to Borralleras et al. [26, Theorem 2] goes through.

To talk about so-called incrementality, we extend the notion of extension to
tuples of relations. For example, we say a pair (⊒A,⊐A) of relations extends
(⊒B,⊐B) if ⊒A extends ⊒B and also ⊐A extends ⊐B. It is not hard to see that the
SPO is incremental, meaning that if (⊒A,⊐A) extends (⊒B,⊐B) then the SPO
induced by A extends that induced by B. This is because the definition uses pa-
rameters only positively.6 By the same token, the MSPO is also incremental. As
a consequence, since the greater relations are the more profitable for termination
proving (see Proposition 2.2.2), for parameters we should use as large relations
as possible.

From now on, we recall constructions of reduction triples. A precedence nat-
urally induces a reduction triple.

Proposition 2.5.11 ([26]). Let ⪰ be a precedence, and define s ⊒P t by s = t or
s = f (s̄), t = g(t̄) and f ⪰ g, and ⊐P by the strict part of ⊒. Then (T × T ,⊒P,⊐P)
is a reduction triple.

The proposition above with Theorem 2.5.10 leads to an alternative proof of the
fact that LPOs are reduction orders (Proposition 2.4.3).

Every reduction pair can be turned into a reduction triple (and therefore into
a reduction order by Theorem 2.5.10) in the following way.

Proposition 2.5.12 ([26]). The triple (⩾,⩾,>) is a reduction triple if (⩾,>) is a
reduction pair.

Note that > of Proposition 2.5.12 is not the strict part of ⩾ in general. This
essentially explains why we adopt an order-pair based formulation in Defini-
tion 2.5.1; see also Remark 2.5.2. This is most evident when they are induced by
a polynomial interpretation.

6In contrast, the versions of the SPO formulated with a single quasi-order are not incremental.
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Example 2.5.13. Consider the linear polynomial interpretation A over N with the
interpretation fA(x) = 2x, and the induced reduction triple (⩾A,⩾A,>A). On the one
hand we have f(f(x)) ⩾A f(x) from 4x ⩾ 2x for all x ∈ N, but not f(x) ⩾A f(f(x))
as 2x ⩾ 4x does not hold for x = 1. On the other hand f(f(x)) >A f(x) does not hold
either, because 4x > 2x does not hold for x = 0.

Now, we can prove the termination of R = {f(f(x)) → f(g(f(x)))} [120]:
Let A be the linear polynomial interpretation over N with fA(x) = x + 1 and
gA(x) = 0, and >MS the MSPO induced by the reduction triple (⩾A,⩾A,>A).
The inequality f(f(x)) ⩾A f(g(f(x))) boils down to x + 2 > 1 for all x ∈ N,
which trivially holds. In this way, we can confirm f(f(x)) >A t for all subterms
t of f(g(f(x))). So, f(f(x)) >S f(g(f(x))) follows from successive application of
case 2a. Finally, we conclude R ⊆ >MS and thereby the termination.

It is known that Proposition 2.5.12 with weakly monotone algebras can be
improved by incorporating marking of root symbols. A similar idea is used by
the dependency pair method to be explained in Section 2.7. More precisely, we
extend the original signature F with a distinguished copy F ♯ which consists of
a fresh n-ary function symbol f ♯ for each f (n) ∈ F . For an (F ∪ F ♯)-algebra A,
we define s ⩾♯

A t on T (F ,V) by s = t or s = f (s̄), t = g(t̄) and f ♯(s̄) ⩾A g♯(t̄).
Similarly, we define s >♯

A t on T (F ,V) by s = f (s̄), t = g(t̄) and f ♯(s̄) >A g♯(t̄).

Proposition 2.5.14 ([26]). For a weakly monotone and well-founded (F ∪F ♯)-algebra
A, the triple (⩾A,⩾♯

A,>♯
A) is a reduction triple on T (F ,V).

In the setting of Proposition 2.5.14 neither (⩾♯
A,>♯

A) nor (⩾A,>♯
A) is a re-

duction order in general. To see this, consider the polynomial interpretation A
defined as:

aA = 0 bA = 1 fA(x) = x

a♯A = 1 b♯A = 0 f♯A(x) = x

Then ⩾♯
A is not monotone, as a ⩾♯

A b but f(a) ⩾♯
A f(b) does not hold. Moreover,

(⩾A,>♯
A) is not compatible, as a >♯

A b ⩾A a but a >♯
A a does not hold. So,

Proposition 2.5.14 shows an advantage of working with reduction triples rather
than reduction pairs.

Lexicographic combination (Definition 2.1.1) is useful for reduction triples.

Proposition 2.5.15. If (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) are reduction triples, so is
(⩾A ∩ ⩾B,⊒AB,⊐AB).

We note that [26, Proposition 4.3] is a special case when ⩾A equals to ⩾B and
moreover ⊐A and ⊐B are the strict parts of ⊒A and ⊒B, respectively.

Proposition 2.5.16. The triple (T × T , T × T ,∅) is a reduction triple.
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This trivial reduction triple plays the role of neutral element for Proposi-
tion 2.5.15: If (⩾A,⊒A,⊐A) is the trivial one, then (⩾A ∩ ⩾B,⊒AB,⊐AB) is iden-
tical to (⩾B,⊒B,⊐B). This is actually convenient for our theory, as we see in the
main chapters.

2.6 Semantic Path Order modulo AC

Associativity (x+ y)+ z = x+(y+ z) and commutativity x+ y = y+ x are ubiq-
uitous. Rewriting modulo associativity and commutativity (AC) is a rewriting
formalism with AC built-in where, for example, the term (x+ y)+ z is identified
with y + (x + z) if + is designated to be associative and commutative.

Let FAC ⊆ F be a designated set of binary symbols (meant to be associative
and commutative). The set AC of associativity and commutative rules for FAC

consists of

f (x, y)→ f (y, x) f ( f (x, y), z)→ f (x, f (y, z))

for each f ∈ FAC. The relation→∗AC is an equivalence relation which we denote
by =AC. Termination modulo AC is defined as relative termination with respect
to AC: A TRS R is terminating modulo AC if R/AC is terminating. There is an
analog of Proposition 2.2.2 for termination modulo AC. A relation ⇝ is AC-
compatible if it satisfies s⇝ v whenever s =AC t⇝ u =AC v.

Proposition 2.6.1. A TRS R is terminating modulo AC if and only if there is an
AC-compatible reduction order > with R ⊆ >.

A key ingredient of term orders for modulo AC is the (top) flattening ▽(t) [86],
which extract, as a multiset, the arguments of a term t in the sense of modulo
AC. Formally, the flattening ▽(t) of a term t = f (t1, . . . , tn) is a multiset of terms
defined by ▽(t) = ▽ f (t1) ⊎ · · · ⊎▽ f (tn), where ▽ f (u) is defined recursively as
follows:

▽ f (u) =

{
▽ f (u1) ⊎▽ f (u2) if u = f (u1, u2) and f ∈ FAC

{u} otherwise

For example, if the signature contains a binary symbol + ∈ FAC and a unary
symbol f, then ▽((x + y) + f(z + w)) = {x, y, f(z + w)}.

Borralleras [22] has proposed two AC versions of the monotonic semantic path
order. Here we consider the simpler version called E-AC-MSPO.

Definition 2.6.2 ([22, Section 5.3]). Let (⩾,⊒,⊐) be a triple of relations on terms.
The relation s = f (s̄) >ACS t is defined recursively as follows:

1. s′ ⩾ACS t for some s′ ∈ ▽(s)
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2. t = g(t̄), s ⊐ t, and {s} >mul
ACS ▽(t)

3. t = f (t̄), s ⊒ t, and ▽(s) >mul
ACS ▽(t)

Here >mul
ACS is from the multiset extension of =AC and >ACS, and ⩾ACS is the union of

=AC and >ACS. The E-AC-MSPO >ACMS is defined as the intersection of ⩾ and >ACS.

For simplicity, in case 3 the head symbols of s and t are assumed to be the
same. To extend the case for different head symbols, we need to adjust the
definition of ▽ in a way that the equivalence induced by a precedence is taken
into account, as remarked soon after [22, Definition 5.3.1]. This is beyond the
scope of this thesis.

A relation⇝ on terms has the AC-deletion property if f ( f (t1, t2), t3)⇝ f (t1, t2)
and f (t1, f (t2, t3)) ⇝ f (t2, t3) for all terms t1, t2, t3 and f ∈ FAC. The relation
is AC-monotone if f (s1, s2) ⇝ t implies f ( f (s1, s2), u) ⇝ f (t, u) for all terms
s1, s2, t, u and f ∈ FAC. A triple (⩾,⊒,⊐) of relations on terms is an AC reduction
triple if (⩾,⊒,⊐) is a reduction triple with each relation AC-compatible, ⊒ has
the AC-deletion property, and ⊐ is AC-monotone.

Theorem 2.6.3 ([22, Theorem 5.3.5]). The E-AC-MSPO >ACMS induced by an AC
reduction triple (⩾,⊒,⊐) is an AC-compatible reduction order.

Since we use multiset in the AC setting, the boundedness condition of signa-
ture is not necessary.

The E-AC-MSPO is a generalization of Hirokawa and Middeldorp’s AC mul-
tiset path order [57], which is obtained from an AC reduction triple induced by
a precedence.

Proposition 2.6.4. For a precedence ⪰, define s ⊒P t as s = t or s = f (s̄), t = g(t̄)
and f ⪰ g and define s ⊐P t as the strict part of ⊒. If every AC symbol f ∈ FAC is
minimal with respect to ≻, then (T × T ,⊒P,⊐P) is an AC reduction triple.

Proof. This is a corollary of [22, Lemma 5.3.15].

We note that in the setting of Proposition 2.6.4 it is possible to have two dif-
ferent AC symbols f and g as long as neither f ≻ g nor g ≻ f holds. So, f ∼ g
is admissible.

For example, let F = {−(1),+(2)} and FAC = {+}. The precedence ⪰ with
− ≻ + satisfies the minimality condition. So, the E-AC-MSPO >ACMS induced
by Proposition 2.6.4 with ⪰ is an AC-compatible reduction order which satisfies
−(x + y) >ACMS (−y) + (−x) by case 2. This order >ACMS is identical to the
aforementioned AC multiset path order induced by ⪰.

We remark that the minimality requirement is essential for (T × T ,⊒P,⊐P)
to be an AC-reduction triple. Otherwise, ⊐P may not be AC-monotone, and
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because of this, the resulting >ACMS may not monotone for AC symbols, see [56,
Section 3].

We end this section with a trivial AC reduction triple.

Proposition 2.6.5. The triple (T × T , T × T ,∅) is an AC reduction triple.

2.7 Dependency Pairs

We recall the dependency pair framework [3, 47, 54, 55]. Let R be a TRS. We
write DR (or simply D when R can be inferred) for the set of defined symbols
{ f | f (ℓ1, . . . , ℓn)→ r ∈ R}. Other symbols are called constructor symbols. Given
a term t of the form f (t1, . . . , tn) with f ∈ DR, we write t♯ for f ♯(t1, . . . , tn). Here
f ♯ is a fresh n-ary function symbol corresponding to f . The set of such terms t♯

is denoted by T ♯. The TRS DP(R) is defined as follows:

DP(R) = {ℓ♯ → t♯ | ℓ→ r ∈ R, r Q t, root(t) ∈ DR, and ℓ ⋫ t}

We note that the condition ℓ ⋫ t is Dershowitz’s refinement [34]. Rules in DP(R)
are called dependency pairs. Dependency pair problems are pairs (P ,R) of TRSs
with P ⊆ T ♯ × T ♯ and R ⊆ T × T . A dependency pair problem (P ,R) is finite
if there exists no infinite sequence of the form s1 →∗R t1

ϵ−→P s2 →∗R t2
ϵ−→P · · · ,

where each si is terminating with respect to R.

Theorem 2.7.1. A TRS R is terminating if and only if (DP(R),R) is finite.

Whenever we apply the dependency pair method to a concrete TRS, we stick
to the following convention: for a function symbol f in the original signature F ,
the capitalized symbol F (instead of f ♯) denotes the corresponding copy intro-
duced by the dependency pair method. This is reasonable, for example, when
we use the dependency pair method with the semantic path order and Proposi-
tion 2.5.14, both of which perform marking to root symbols.

Example 2.7.2. Let R be the following TRS (adapted from [121])

p(s(x)) 1−→ x f(s(x)) 2−→ s(x)× f(p(s(x)))

which is a part of a TRS implementation of factorial. The defined symbols are f and p, so
DP(R) = {F(s(x))→ F(p(s(x))),F(s(x))→ P(s(x))}.

Reduction pairs (⩾,>) are common decreasing measures for the dependency
pair method. In fact, order-like properties such as transitivity are not essential
in the method. We call such a weak form of reduction pairs by pseudo-reduction
pairs. Formally, a pair (⩾,>) of relations on terms is called a pseudo-reduction
pair if ⩾ and > are stable and compatible, ⩾ is closed under contexts, and > is
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well-founded.7 Note that compatibility of (⩾,>) is still required. If in addition
> is closed under contexts, (⩾,>) is called monotone. One can show that if
(⩾,>) is a pseudo-reduction pair, then (⩾∗,>+) is a reduction pair.

The next theorem is known as reduction pair processor.

Theorem 2.7.3. Let (⩾,>) be a pseudo-reduction pair. A dependency pair problem
(P ,R) with P ∪R ⊆ ⩾ is finite if and only if (P \>,R) is finite.

Since (∅,R) is trivially finite, the theorem above implies a simple method for
showing termination by a reduction pair.

Corollary 2.7.4. A TRS R is terminating if there is a pseudo-reduction pair (⩾,>)
with R ⊆ ⩾ and DP(R) ⊆ >.

If a monotone reduction pair is employed, Theorem 2.7.3 can be strengthened
in a way that some rules in R can also be removed from the dependency pair
problem (P ,R). This technique is known as rule removal processor, or just rule
removal.

Theorem 2.7.5. Let (⩾,>) be a monotone pseudo-reduction pair. A dependency pair
problem (P ,R) with P ∪R ⊆ ⩾ is finite if and only if (P ,R \>) is finite.

Argument filtering [3, 68] is a popular transformation for building reduction
pairs with the Knuth–Bendix order and the lexicographic path order. As the
name suggests, this transformation filters out arguments from a given term.
Formally, an argument filter π is a mapping that associates each n-ary function
symbol f to an integer i or a list [i1, . . . , im] of integers with 1 ⩽ i1 < · · · < im ⩽ n.
If π( f ) is a list for every function symbols f , then the argument filtering is called
non-collapsing. Non-collapsing argument filters are also called partial statuses.8

The argument filtering π̂ is defined on terms as follows:

π̂(t) =


t if t is a variable
π̂(ti) if t = f (t1, . . . , tn) and π( f ) = i
f (π̂(ti1), . . . , π̂(tim)) if t = f (t1, . . . , tn) and π( f ) = [i1, . . . , im]

Note that by applying π̂, arities of function symbols may change, or some func-
tion symbols may be even eliminated. So more precisely, terms after argument
filtering are of a different signature. We write Fπ for it to distinguish from the
original signature F . Given a binary relation R on terms, we write s Rπ t if
π̂(s) R π̂(t).

7This definition is adapted in a formalization ([103, Section 2.2]) in the proof assistant Is-
abelle/HOL [83]. More precisely, their redpair and redpair_order correspond to our
pseudo-reduction pair and reduction pair, respectively. There are many minor variations
in the definition of reduction pair; see [115, Section 3] for a related discussion.

8There are versions of partial status that allow permutation and/or duplication of argu-
ments [103, 114, 117]. Such a version could be considered with additional care of bound-
edness of arity.

38



2.7 Dependency Pairs

Proposition 2.7.6. Let (⩾,>) be a pseudo-reduction pair and π an argument filter.
Then (⩾π,>π) is a pseudo-reduction pair.

Although Proposition 2.7.6 can be used with the WPO as reduction order
(Definition 2.4.7), a dedicated version of the WPO as reduction pair is known.
Let π be a partial status. We abuse i ∈ π( f ) to mean that i occurs in the
list π( f ). Similarly, we may identify the list π( f ) and the corresponding set,
because here we only consider an increasing list of argument positions for π( f ).
If π( f ) = [1, . . . , n] for all f (n) ∈ F , we call π total. Similarly, if π( f ) = [ ]
for all f ∈ F , we call π empty. Note that when the signature contains only
constants, the unique partial status is both empty and total. If π( f ) = [i1, . . . , in]
with i1 ⩽ · · · ⩽ in then we write (ti1 , . . . , tin) as π( f )(t1, . . . , tm). We say that an
algebra A is weakly (resp. strictly) π-simple if the argument position i is weakly
(resp. strictly) simple for all function symbols f and i ∈ π( f ).

Definition 2.7.7. Let π be a partial status, A an algebra, and ⪰ a precedence (a quasi-
order on function symbols). The weighted path order (⩾W,>W) is the pair of relations
on terms defined simultaneously as follows: s ⩾W t if

1. s >A t, or

2. s ⩾A t and one of the following conditions holds:

a. s = f (s1, . . . , sm) and si ⩾W t for some i ∈ π( f ).

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >W tj for all j ∈ π(g), and

i. f ≻ g or

ii. f ⪰ g and π( f )(s1, . . . , sm) ⩾lex
W π(g)(t1, . . . , tn).

c. s ∈ V and s = t

The relation >W is defined by cases 1, 2a and 2b where ⩾lex
W is replaced by >lex

W . Here
(⩾lex

W ,>lex
W ) is the lexicographic extension of (⩾W,>W).

Theorem 2.7.8 ([117]). Let π be a partial status, ⪰ a well-founded precedence, and A
an algebra that is well-founded, normal, weakly π-simple and weakly monotone. Then
(⩾W,>W) is a reduction pair. If in addition π is total, then (⩾W,>W) is a monotone
reduction pair.

The assumption of weak π-simplicity is essential for well-foundedness, cf. Ex-
ample 2.4.10.

Example 2.7.9. Consider the signature {a(0), f(1)}, the partial status π with π(f) = [1]
and the algebra A on N defined by aA = 1 and fA(x) = 0. The algebra is not weakly
simple with respect to the partial status π, and the resulting WPO (with any precedence)
is not well-founded, as f(a) >W f(a) by case 2a.
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Example 2.7.10 (Continued from Example 2.7.2). To show the termination ofR, con-
sider the linear polynomial interpretationA over N with sA(x) = x+ 1 and gA(x) = x
for other function symbols g, and the partial status with π(p) = [ ] and π(g) = [1]
for other function symbols g. The WPO (⩾W,>W) induced from A, π and the prece-
dence s ≻ p ≻ f ≻ F ≻ P satisfies R ⊆ ⩾W and also DP(R) ⊆ >W. In particular,
p(s(x)) ⩾W x follows from case 1, and F(s(x)) >W F(p(s(x))) is by case 2b(ii) fol-
lowed by case 2b(i), where the comparison s(x) >W s(x) is avoided thanks to π(p) = [ ].
So we conclude that R is terminating.

2.8 Conditional Rewriting and Reachability

Chapter 5 is concerned with an order-based method for analyzing a form of the
reachability problem in rewriting, which asks, informally speaking, if a term
rewrites to another (after a suitable instantiation). This section provides pre-
liminary knowledge for that. In fact, we consider this problem under a more
generalized notion of rewriting known as conditional rewriting. Although there
are many styles for formulating it (see [85, Chapter 7] for a detailed account),
we follow the one used in [114, Chapter 6] because Chapter 5 is concerned with
extending his techniques.

A reachability atom s ↠ t is a pair (s, t) of terms. A conditional rewrite rule
ℓ → r ⇐ ϕ consists of a pair (ℓ, r) of terms and a finite set ϕ of reachability
atoms. So every TRS can be considered a conditional rewrite system by regard-
ing each rewrite rule ℓ → r as ℓ → r ⇐ ∅. For brevity, ℓ → r ⇐ ∅ is simply
written as ℓ → r. We however note that, unlike rewrite rule defined in Sec-
tion 2.2, we only require (ℓ, r) to be a pair of terms (without any conditions
on variables). A conditional term rewrite system R is a set of conditional rewrite
rules. The rewriting relation→R is defined as the least relation with the follow-
ing property: s →R t if there are a conditional rewrite rule ℓ → r ⇐ ϕ in R, a
context C and a substitution σ such that s = C[ℓσ], t = C[rσ], and uσ→∗R vσ for
all u ↠ v ∈ ϕ. The reachability problem is the decision problem where, given a
conditional TRS R and finite set ϕ of reachability atoms, we are asked to deter-
mine existence of a substitution σ such that sσ→∗R tσ for all s↠ t ∈ ϕ. If such a
substitution exists, ϕ is said to be R-satisfiable; otherwise it is R-unsatisfiable (or
infeasible [74]). So, the definition of→R states that a conditional rule ℓ→ r ⇒ ϕ

can rewrite C[ℓσ] to C[rσ] only if σ witnesses satisfiability of ϕ. Hereafter, for
brevity, we may identify a reachability atom s↠ t and the singleton {s↠ t}.

Example 2.8.1 (taken from [61]). We consider the TRS R

a(0, y)→ s(y) a(s(x), 0)→ a(x, s(0)) a(s(x), s(y))→ a(x, a(s(x), y))

of the Ackermann function. The reachability atom a(x, s(y)) ↠ s(s(0)) is satisfiable,
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which is witnessed by the substitution σ = {x 7→ 0, y 7→ 0}. On the other hand,
a(x, s(y))↠ a(z, y) is unsatisfiable as we prove later.

The next proposition (called tupling) allows us to transform a finite set of
reachability atoms into a singleton in a satisfiability preserving way (see [114]).

Proposition 2.8.2. Let R be a conditional TRS and ϕ a finite set {s1 ↠ t1, . . . , sn ↠
tn} of reachability atoms. Then ϕ is R-satisfiable if and only if tp(s1, . . . , sn) ↠
tp(t1, . . . , tn) is R-satisfiable, where tp is a fresh n-ary function symbol.

Co-rewrite pair provides a sufficient condition for unsatisfiability in terms of
orders. Formally, a pair (⩾,>) of relations on terms is a co-rewrite pair if ⩾ is a
rewrite preorder, > is stable and ⩾ ∩ < = ∅.

Proposition 2.8.3 ([114, Proposition 4]). Let R be a conditional TRS. A reachability
atom s ↠ t is R-unsatisfiable if there is a co-rewrite pair (⩾,>) such that t > s and,
for all ℓ→ r ⇐ σ in R, it holds that ℓ ⩾ r or v > u for some u↠ v ∈ ϕ.

In fact, if R is a TRS, the converse also holds ([114, Theorem 2]): there is a
co-rewrite pair such that t > s and R ⊆ ⩾ if s↠ t is R-unsatisfiable.

A co-rewrite pair (⩾,>) is rewrite pair if it is an order pair. Putting it an-
other way, rewrite pair is reduction pair without well-foundedness. So, every
reduction pair is a rewrite pair, and therefore a co-rewrite pair.

Recall that algebras are a typical ingredient for reduction pairs, see Proposi-
tion 2.3.1. As one can expect, this is also the case for rewrite pairs [114].

Proposition 2.8.4. If A is a weakly monotone algebra, then (⩾A,>A) is a rewrite pair.

Note thatA need not be well-founded. So, for example, one can use an algebra
whose carrier is the set Z⩽0 of negative integers (including 0 and ordered as
usual) for constructing a rewrite pair.

Example 2.8.5 ([61, Example 4.5]). We prove that a(x, s(y))↠ a(z, y) is unsatisfiable
with respect to R in Example 2.8.1. To this end, we use the weakly monotone algebra
A on Z⩽0 defined by aA(x, y) = y − 1, sA(x) = x − 1 and 0A = 0. The rewrite
pair (⩾A,>A) satisfies R ⊆ ⩾A and a(z, y) >A a(x, s(y)), which boils down to the
valid inequality y − 1 > y − 2. So we conclude that the atom is unsatisfiable from
Proposition 2.8.3.
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Chapter 3

Generalized Weighted Path Order as
Reduction Order

We introduce a generalization of the reduction order version of the weighted
path order (Theorem 2.4.8), in the spirit of the semantic path order. As the se-
mantic path order has the monotonic variant (Theorem 2.5.10), the generalized
weighted path order also has a monotone version, dubbed monotonic general-
ized weighted path order. Interestingly, the (monotonic) generalized weighted
path order and the (monotonic) semantic path order simulate each other. These
results are not only of theoretical interest. We demonstrate that the generalized
version of the WPO is more powerful than the original WPO.

3.1 Generalizing WPO

We generalize the WPO in the spirit of Kamin and Lévy. Their idea to obtain the
SPO is to generalize precedence of the LPO (Definition 2.4.1) to order pairs on
terms. Following this, we generalize the WPO so as to take two order pairs on
terms: one takes the role of algebra, and the other that of precedence.

Definition 3.1.1. Let (⊒A,⊐A) and (⊒B,⊐B) be pairs of relations on terms. The
generalized weighted path order >G (GWPO) is defined as follows: s >G t if

1. s ⊐A t, or

2. s = f (s1, . . . , sm) ⊒A t and one of the following conditions holds:

a. si ⩾G t for some argument si.

b. t = g(t1, . . . , tn), s >G tj for all arguments tj, and moreover

i. f (s1, . . . , sm) ⊐B g(t1, . . . , tn), or

ii. f (s1, . . . , sm) ⊒B g(t1, . . . , tn) and (s1, . . . , sm) >lex
G (t1, . . . , tn).

It is nice exercise to compare Definition 3.1.1 and Definition 2.5.1: an SPO
induced by a pair (⊒,⊐) is identical to the GWPO induced by (T × T ,∅) and
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(⊒,⊐). It is also instructive to compare Definition 3.1.1 and Definition 2.4.7:
The order pair (⊒A,⊐A) corresponds to (⩾A,>A) induced by an algebra A,
and (⊒B,⊐B) corresponds to comparison by a precedence. Interestingly, the
version of WPO formalized in the proof assistant Isabelle/HOL ([103, Section 3])
is based on a similar idea, but does not generalize precedence to order pair on
terms.

Not so surprisingly, a sufficient condition for a GWPO to be a stable and well-
founded order looks like a merger of that for an SPO (Theorem 2.5.7) and that
for a WPO (Theorem 2.4.8).

Theorem 3.1.2. Suppose that the signature is bounded. If (⊒A,⊐A) and (⊒B,⊐B) are
well-founded stable order pairs and ⊒A has the subterm property, the induced relation
>G is a stable and well-founded order with the subterm property.

We prove the theorem in the next section, as a corollary of the main simu-
lation result. The subterm property of ⊒A is essential for well-foundedness,
cf. Example 2.4.10.

As the SPO has the monotonic variant MSPO, so does the GWPO. We call it
the monotonic generalized weighted path order, or MGWPO for short.

Definition 3.1.3. Let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) be triples of relations on terms.
The monotonic generalized weighted path order >MG is the intersection⩾A∩⩾B∩
>G where >G is induced by (⊒A,⊐A) and (⊒B,⊐B).

Needless to say, the MGWPO as well as the GWPO are incremental. Now, we
arrive at the main theorem of this section.

Theorem 3.1.4. Suppose that the signature is bounded. Then >MG is a reduction order
for reduction triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) with ⊒A having the subterm
property.

Hereafter, for brevity we may simply write the subscript A for a pair (⊒A,⊐A)
or a triple (⩾A,⊒A,⊐A), if it does not cause any confusion.

We also prove the theorem in the next section, as a corollary of the main simu-
lation result. Instead, we demonstrate termination proving by Proposition 2.2.2
and Theorem 3.1.4. The example of TRS below is terminating but not simply
terminating, so cannot be handled by WPOs. To construct reduction triples, we
use Proposition 2.5.12 with well-founded and weakly monotone algebras.

Example 3.1.5. Let R be the same TRS as Example 2.7.2.

p(s(x)) 1−→ x f(s(x)) 2−→ s(x)× f(p(s(x)))

Let A and B be the following max/plus algebra on N:

pA(x) = x sA(x) = x + 1 fA(x) = x x×A y = max{x, y}
pB(x) = max{0, x− 1} sB(x) = x + 1 fB(x) = x + 1 x×B y = 0
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The algebra A is well-founded, and weakly simple and monotone, and B is well-founded
and weakly monotone. So, from Theorem 3.1.4 the MGWPO >MG induced by the re-
duction triples (⩾A,⩾A,>A) and (⩾B,⩾B,>B) is a reduction order. It remains to
confirm R ⊆ >MG. Checking R ⊆ ⩾A and R ⊆ ⩾B is easy, while R ⊆ >G is more
thrilling. For rule 1, pA(sA(x)) = x + 1 > x yields p(s(x)) >G x by case 1. For rule
2, having f(s(x)) ⩾A s(x)× f(p(s(x))) and f(s(x)) >B s(x)× f(p(s(x))) we apply
case 2b(i). Then we have to verify f(s(x)) >G s(x) and f(s(x)) >G f(p(s(x))). The
former easily follows from case 1. To see the latter, we confirm f(s(x)) ⩾A f(p(s(x))),
and f(s(x)) >B f(p(s(x))) thanks to pB(x) = max{0, x− 1}. The last obligation is to
show f(s(x)) >G p(s(x)), which immediately follows from case 1.

The next example illustrates an MGWPO with Proposition 2.5.14.

Example 3.1.6. Let R be the TRS (from [96]) consisting of the rules for group

x + (−x) 1−→ 0 −(−x) 6−→ x

(−x) + x 2−→ 0 (x + y) + z 7−→ x + (y + z)

x + 0
3−→ x x + ((−x) + y) 8−→ y

0+ x 4−→ x (−x) + (x + y) 9−→ y

−0 5−→ 0 −(x + y) 10−→ (−y) + (−x)

and the following rules for commuting endomorphisms (f and g).

f(0)
11−→ 0 −f(x) 16−→ f(−x)

g(0)
12−→ 0 −g(x) 17−→ g(−x)

f(x) + f(y) 13−→ f(x + y) f(x) + (f(y) + z) 18−→ f(x + y) + z

g(x) + g(y) 14−→ g(x + y) g(x) + (g(y) + z) 19−→ g(x + y) + z

f(x) + g(y) 15−→ g(y) + f(x) f(x) + (g(y) + z) 20−→ g(y) + (f(x) + z)

A difficulty of applying Proposition 2.2.2 to this example is rule 15, a terminating in-
stance of the non-terminating rule x + y → y + x. We consider the linear polynomial
interpretation A over N

0A = 1 fA(x) = x + 1 gA(x) = x + 1 −A(x) = x x +A y = x + y + 1

and the linear polynomial interpretation B over N for the extended signature F ∪F ♯:

0B = 0 fB(x) = 1 gB(x) = 0 −B(x) = x x +B y = x + y + 1

0♯B = 0 f♯B(x) = 1 g♯B(x) = 0 −♯
B(x) = x + 1 x +♯

B y = x
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From Theorem 3.1.4 the MGWPO >MG induced by the reduction triples (⩾A,⩾A,>A)
and (⩾B,⩾♯

B,>♯
B) is a reduction order. To conclude termination with Proposition 2.2.2,

we verify R ⊆ >MG. Checking R ⊆ ⩾A and R ⊆ ⩾B is tedious routine work. Only
remark here is that −A(x) = −B(x) = x is demanded by the duplicating rule 10. Then
it remains to verify R ⊆ >G, which is not as tedious as it seems if we can observe many
rules are oriented by >A. More precisely, rules 1–4, 8, 9, 11–14, 18 and 19 are oriented
by >A and therefore by case 1. Rules 5 and 6 are oriented by case 2a. For the remaining
rule, we can use case 2b(i) with

(x + y) +♯ z >B x +♯ (y + z) −♯(x + y) >B (−y) +♯ (−x)

−♯(f(x)) >B f♯(−x) −♯(g(x)) >B g♯(−x)

f(x) +♯ g(y) >B g(y) +♯ f(x) f(x) +♯ (g(y) + z) >B g(y) +♯ (f(x) + z)

and then case 1 for recursive comparison.

Remark 3.1.7. We cannot naively use Proposition 2.5.14 for the first reduction triple
(⩾A,⊒A,⊐A) of an MGWPO, since Theorem 3.1.4 demands the subterm property of
⊒A. For example, f(a) ⩾♯

A a does not hold for a weakly simple algebra A on N with
aA = 0, a♯A = 1, and f♯A(x) = x. So a typical choice for the first component is to use
(⩾A,⩾A,>A) with an algebra A on the original signature, as in the examples above.
(We however have more to say about this in the next section.) Moreover, if A is normal,
then >G ⊆ ⩾A holds and therefore s >MG t is equivalent to s ⩾B t and s >G t.

3.2 Simulation between GWPOs and SPOs

We prove a simulation result between GWPOs and SPOs. As a by-product, we
establish the properties of (M)GWPOs via those of (M)SPOs.

It is not hard to simulate MSPOs by MGWPOs.

Proposition 3.2.1. Let >MS be the MSPO induced by a reduction triple (⩾,⊒,⊐).
Then >MS is identical to >MG induced by the reduction triples (T × T , T × T ,∅)

and (⩾,⊒,⊐).

The converse is less trivial. We show that generalized WPOs are instances of
SPOs by constructing a suitable order pair from parameters of GWPO, namely
(⊒A,⊐A) and (⊒B,⊐B). To this end, we define (⊒AB,⊐AB) as the lexicographic
combination of (⊒A,⊐A) and (⊒B,⊐B). In the remaining part of the section, we
consider the GWPO >G induced by (⊒A,⊐A) and (⊒B,⊐B), and the SPO >S

induced by the corresponding order pair (⊒AB,⊐AB).
Before presenting proofs, we illustrate how the derivation of f(g(x)) >W

g(f(f(x))) in Example 2.4.11 is simulated by the semantic path order.
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Example 3.2.2 (continued from Example 2.4.11). From f(g(x)) ⩾A g(f(f(x))) and
f ≻ g the inequality f(g(x)) ⊐AB g(f(f(x))) is obtained. Moreover, we also have
f(g(x)) >A f(f(x)). Since ⩾A has the subterm property, the subterm f(x) of f(f(x))
also satisfies f(g(x)) >A f(x). Thus we obtain f(g(x)) ⊐AB f(f(x)), f(x). Therefore,
f(g(x)) >S g(f(f(x))) is verified as follows:

f(g(x)) ⊐AB g(f(f(x)))

f(g(x)) ⊐AB f(f(x))

f(g(x)) ⊐AB f(x)

x ⩾S x
1

g(x) ⩾S x
1

f(g(x)) >S x
2a

f(g(x)) >S f(x)
2a

f(g(x)) >S f(f(x))
2a

f(g(x)) >S g(f(f(x)))

Similarly, f(h(x)) >S h(h(f(x))) can be verified. Hence, the inclusion R ⊆ >S holds.
Observe that the use of case 1 in Example 2.4.11 is replaced by successive application of
case 1 and case 2a of the SPO.

As shown in the example, the subterm property of ⊒A is a key for filling in
the gap between >S and >G.

Lemma 3.2.3. Suppose that (⊒A,⊐A) is a stable order pair with the subterm property
of ⊒A. If s >G t then s >S t.

Proof. We prove the claim by induction on |s|+ |t|. Let s >G t. We analyze the
derivation of s >G t.

1. Assume that s >G t is derived from s ⊐A t. We distinguish three cases.

• Suppose that s is a variable. We further analyze whether t contains s or
not. If so, by the subterm property of ⊒A, we have s ⊐A t ⊒A s, which
is a contradiction; otherwise, by substituting t into s we obtain t ⊐A t,
which is again a contradiction.

• Suppose that s is not a variable while t is a variable. If t does not occur
in s then by substituting s into t we obtain s ⊐A s, a contradiction. So t
occurs in s. We obtain s >S t by the subterm property of >S.

• Suppose that s is not a variable, and t = g(t1, . . . , tn). Since ⊒A has the
subterm property, for every 1 ⩽ j ⩽ n we have s ⊐A t ⊒A tj, which leads
to s >G tj and moreover s >S tj by the induction hypothesis. Moreover,
s ⊐ t follows from s ⊐A t. Hence, s >S t follows from case 2a.

2. Assume that s = f (s1, . . . , sm) and s ⊒A t.

a. Suppose that s >G t is derived from s ⊒A t and si ⩾G t for some i. Then
s >S t is obtained by case 1 using the induction hypothesis.
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b. Suppose that t = g(t1, . . . , tn) and s >G tj for all 1 ⩽ j ⩽ n. By the
induction hypothesis s >S tj for all 1 ⩽ j ⩽ n.

i. If s >G t is derived from case 2a(i), then we have s ⊐AB t. So s >S t is
obtained by case 2a.

ii. If s >G t is derived from case 2a(ii), then we have s ⊒AB t and
(s1, . . . , sm) >lex

S (t1, . . . , tn) by the induction hypothesis. So s >S t
is obtained by case 2b.

Next we prove the converse direction of Lemma 3.2.3.

Lemma 3.2.4. Suppose that (⊒A,⊐A) is an order pair with the subterm property of
⊒A. If s >S t then s >G t.

Proof. We prove the claim by induction on |s| + |t|. Let s = f (s1, . . . , sm). We
analyze the derivation of s >S t.

1. Suppose that s >S t is derived by case 1. The induction hypothesis yields
si ⩾G t for some i. Moreover, by definition, si ⊒A t or si ⊐A t holds. In the
former case, we obtain s >G t by case 2a. In the latter case, by assumption,
we have s ⊒A si ⊐A t and therefore s >G t by case 1.

2. Suppose that s >S t is derived by case 2. Let t = g(t1, . . . , tn) and assume
s >S tj for all 1 ⩽ j ⩽ n. By the induction hypothesis we have s >G tj for all
1 ⩽ j ⩽ n.

a. If s ⊐AB t, we further analyze how it follows: If s ⊐A t then we have s >G t
by case 1. Otherwise, we conclude with case 2a(i).

b. If s ⊒AB t, we further analyze how it follows: we further analyze how it
follows: If s ⊐A t then we have s >G t by case 1. Otherwise, we conclude
with case 2a(ii) using the induction hypothesis.

As a consequence, >W and >S coincide under the preconditions of Theo-
rem 3.1.2. This proves Theorem 3.1.2 via Theorem 2.5.7. Actually, this result can
be extended to the monotonic versions.

Theorem 3.2.5. Let >MG be the monotone generalized weighted path order induced by
reduction triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) with the subterm property of ⊒A.
Then >MG and >MS are identical, where >MS is induced by (⩾A ∩ ⩾B,⊒AB,⊐AB).

Proof. Use Lemmas 3.2.3 and 3.2.4.

Together with Theorem 2.5.10 and Proposition 2.5.15, this simulation result
proves Theorem 3.1.4. We remark that the assumptions of Theorem 3.2.5 could
be reduced. For example, well-foundedness of the reduction triples is not nec-
essary for simulation.

48



3.2 Simulation between GWPOs and SPOs

It is worth examining this simulation result a little more. The MGWPO (The-
orem 3.1.4) provides a way to turn two reduction triples, say (⩾A,⊒A,⊐A) and
(⩾B,⊒B,⊐B), into a reduction order, provided that⊒A has the subterm property.
If this property is not satisfied (cf. Remark 3.1.7), as in the proof of the simula-
tion result, we can instead use Proposition 2.5.15 to obtain the single reduction
triple (⩾A ∩ ⩾B,⊒AB,⊐AB) then turn it into a reduction order via the MSPO
(Theorem 2.5.10), which can in turn regarded as an MGWPO (Proposition 3.2.1).
Bypassing the requirement of ⊒A in this way gives us more termination proving
power. This is discussed in Section 3.5.

Remark 3.2.6. We remark about the preliminary paper [87] of this chapter. There, the
main result is a special case of Theorem 3.2.5 corresponding to the original WPO, namely
when A is induced by a weakly simple and monotone algebra and B by a precedence
(Proposition 2.5.11). Based on this result, a generalized version of the WPO is obtained
by using Proposition 2.5.14 with possibly non-weakly-simple algebras for A. Somewhat
confusingly, although the generalization is merely a special version of the MSPO, they
call it the GWPO.

Another way of seeing this simulation result is an optimization technique
of term comparison. Unlike the SPO, the GWPO allows us to avoid recursive
comparison with arguments of t if s ⊐A t, provided that ⊒A has the subterm
property. This is reminiscent of the relationship between the KBO and the WPO:
the former is a special case of the latter with the strict simplicity of algebras,
where recursive comparison with arguments t can be further avoided [117], cf.
case 2b of Definition 2.4.4 and Definition 2.4.7. As one can expect, we also have
a more KBO-like variant of GWPO that assumes the subterm property of ⊐A
and thereby avoids unnecessary comparison.

To present the KBO-like variant, we need a few definitions. First, following
[113, Definition 3.2], we extend admissibility of weight for order pairs: an order
pair (⊒A,⊐A) is admissible for another order pair (⊒B,⊐B) if one of the following
conditions holds for all n-ary function symbols f .

• f (t1, . . . , tn) ⊐A ti for all terms t1, . . . , tn and integers 1 ⩽ i ⩽ n

• n = 1 and f (t) ⊒B g(ū) for all terms t, ū and function symbols g

If the latter holds for a function symbol f , we call it a special unary symbol. By
definition, if ⊐A has the subterm property then A is admissible regardless of
B. Moreover, we say that an order pair (⊒,⊐) is sensible if Var(s) ⊇ Var(t)
whenever s ⊒ t. This is a technical requirement to be explained later.

Proposition 3.2.7. Let (⊒A,⊐A) and (⊒B,⊐B) be order pairs and >G the GWPO
induced by them. Suppose that ⊒A has the subterm property, and A is sensible and
admissible for B. Then s >G t if and only if
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1. s ⊐A t, or

2. s = f (s1, . . . , sm) ⊒A t and one of the following conditions holds:

A. t is a variable1

B. t = g(t1, . . . , tn) and

I. s ⊐B t, or

II. s ⊒B t and (s1, . . . , sm) >lex
G (t1, . . . , tn)

Proof. For the if direction, it suffices to show that each of case 1, case 2A and
case 2B entails s >G t. If case 1 holds then trivially s >G t. So let s =
f (s1, . . . , sm) ⊒A t.

A. Assume that t is a variable. Since A is sensible, t occurs in s. So s >G t can
be shown by case 1 using the subterm property of ⊒A.

B. Assume that t = g(t1, . . . , tn).

I. Suppose s ⊐B t. Then g is not a special unary symbol, because otherwise
we obtain a contradiction from t ⊒B s ⊐B t. So s ⊒A t ⊐A tj and
therefore s >G tj for all j. Hence, s >G t by case 2b(i).

II. Suppose s ⊒B t and (s1, . . . , sm) >lex
G (t1, . . . , tn). If g is not a special

unary symbol, then by the same argument as the previous case we can
show that s >G t by case 2b(ii). So assume that g is a special unary
symbol. From (s1, . . . , sm) >lex

G (t1) we obtain s1 ⩾G t1. Since s >G s1 by
case 2a, we now have s >G t1 by transitivity. Hence, s >G t by case 2b(ii).

For the only-if direction, it suffices to show that each case of s >G t entails
one of case 1, case 2A, and case 2B. Trivially, case 1 entails case 1, case 2b(i)
entails case 2B(I), and case 2b(ii) entails case 2B(II). So assume that case 2a holds,
namely s = f (s1, . . . , sm) ⊒A t and si ⩾G t for some i. If t is a variable, then
case 2A applies. So let t = g(t1, . . . , tn). If f is not a special unary symbol, then
s ⊐A si ⊒A t and therefore case 1 holds. Otherwise m = i = 1. Since t >G t1
follows from case 2a, we obtain s1 >G t1 and thereby (s1) >

lex
G (t1, . . . , tn). Hence,

case 2B(II) holds.

Proposition 3.2.7 allows us to improve the complexity of deciding s >G t
in the following sense: Consider deciding s >G t for fixed order pairs A and
B. If we measure the number of comparisons by A and B, the best algorithm
known so far (simply following that for the LPO [73]) requires a number of
comparisons quadratic in |s|+ |t|. If fortunately A is sensible and admissible for
B, Proposition 3.2.7 suggests that the number of comparisons can be reduced to

1This case sits oddly with case 2a of Definition 2.4.4 but goes back to [113, Definition 3.1].
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3.3 Ground Totality

linear in |s|+ |t|. This is an analog of the fact that KBO comparison s >K t admits
an implementation of linear time complexity (with respect to |s|+ |t|) [72].

The requirement for A to be sensible cannot be dropped because of the fol-
lowing pathological example: Consider the signature F = {f(1)}. Define s ⊒A t
as s = t or s = f(s′) for some term s′, and ⊐A as ∅. Let B be the order pair
induced by the precedence on F . Then A is an order pair admissible for B,
and ⊒A has the subterm property. However, the GWPO >G induced by A and
B does not satisfy f(x) >G y while case 2A follows from f(x) ⊒A y. (In fact,
because A is a reduction pair, this example can be lifted to a counter-example
to [113, Theorem 3.3] by considering the term algebra equipped with A.) Fortu-
nately, the requirement is mild, because a typical choice for A is to use a usual
interpretation (like polynomial interpretation).

Finally, we discuss a related result due to Geser that a generalized version of
KBOs can be simulated by SPOs [42]. It is worth comparing his result with ours.

Definition 3.2.8 ([32, 42]). Let (⊒,⊐) be a pair of relations on terms. We define s >D t
as follows:

1. s ⊐ t, or

2. s ⊒ t, s = f (s1, . . . , sm), t = g(t1, . . . , tn) and (s1, . . . , sm) >lex
D (t1, . . . , tn).

Here >lex
D is the lexicographic extension of >D.

Theorem 3.2.9 ([42]). Let (⊒,⊐) be a stable order pair with the subterm property
▷ ⊆ ⊐. Then >D and >S are identical, where the relations are both induced by (⊒,⊐).

In fact, our proofs for Theorem 3.2.5 and Proposition 3.2.7 owe to Geser’s.
We however note that Theorem 3.2.5 only uses a weaker property than ▷ ⊆ ⊐,
namely ▷ ⊆ ⊒A.

3.3 Ground Totality

Ground totality of a reduction order is of interest since refutational completeness
of theorem proving procedures like ordered completion [10] rely on it. Unfor-
tunately, in contrast to WPOs (Theorem 2.4.8), MGWPOs and MSPOs are not
always ground total.

Example 3.3.1 (Adapted from [120]). Let F = {a(0), b(0), f(1), g(1)}, and let A be
the F -algebra on N

aA = 1 bA = 1 fA(x) = x + 1 gA(x) = x + 1
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and B the following (F ∪F ♯)-algebra on N.

aB = 1 bB = 0 fB(x) = x gB(x) = 0

a♯B = 0 b♯B = 1 f♯B(x) = x g♯B(x) = 0

The MGWPO >MG induced by (⩾A,⩾A,>A) and (⩾B,⩾♯
B,>♯

B) satisfies f(a) >MG

f(b) and g(b) >MG g(a). If >MG were ground total, then we would have either a >MG b

or b >MG a, from which we obtain a contradiction using the monotonicity. Even worse,
by the same argument we can show that there is no ground-total reduction order that
extends >MG.

An observation here is that even though a and b are incomparable with respect
to >MG, we actually have b >G a. Indeed, we can show that >G is ground total
under a few reasonable assumptions.

Definition 3.3.2. Let (⊒,⊐) be a pair of relations and let ≡ denote the intersection of
⊒ and ⊑. We say that (⊒,⊐) is almost ground-total if it holds that s ⊐ t, t ⊐ s or
s ≡ t for all ground terms s and t. We say that (⊒,⊐) discriminates head symbols
if f = g whenever f (t̄) ≡ g(t̄).

Lemma 3.3.3. Let (⊒A,⊐A) be an almost ground-total order pair, and (⊒B,⊐B) an al-
most ground-total order pair that discriminates head symbols. Then the induced GWPO
>G is ground-total.

Proof. Let s = f (s1, . . . , sm) and t = g(t1, . . . , tn) be different ground terms. We
prove s >G t or t >G s by induction on |s|+ |t|. If s ⊐A t or t ⊐A s then we are
done by case 1. So we assume s ⊒A t and t ⊒A s as (⊒A,⊐A) is almost ground-
total. If si ⩾G t or ti ⩾G s for some i, then we are done by case 2a. Otherwise, by
the induction hypothesis, s >G tj for all 1 ⩽ j ⩽ n and t >G si for all 1 ⩽ i ⩽ m.
Then, we again use the assumption that (⊒B,⊐B) is almost ground-total. If
s ⊐B t or t ⊐B s then we are done by case 2b(i). Otherwise, s ⊒B t and t ⊒B s.
Since (⊒B,⊐B) discriminates head symbols, we have (s1, . . . , sm) ̸= (t1, . . . , tn).
By the induction hypothesis together with the fact that lexicographic extension
preserves totality, (s1, . . . , sm) >lex

G (t1, . . . , tn) or (t1, . . . , tn) >lex
G (s1, . . . , sm), so

case 2b(ii) applies.2

Note that (⩾♯
B,>♯

B) of Example 3.3.1 does not discriminate head symbols,
since both f(b) ⩾♯

B g(b) and g(b) ⩾♯
B f(b) hold. In such a case, we can simply

combine it lexicographically with an order pair induced by a total precedence.
This leads to the following result.

2As the proof suggests, the lemma does not hold if we adopt multiset extension in the definition
of the GWPO.
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Theorem 3.3.4. Let ⪰ a well-founded precedence, and let A be an (F ∪ F ♯)-algebra
that is weakly monotone, normal, well-founded, and weakly simple for F . Define (⊒,⊐)
as the lexicographic combination of (⩾♯

A,>♯
A) and the order pair induced by ⪰ (as in

Definition 2.4.1). Then >G induced by (⩾A,>A) and (⊒,⊐) is a reduction order with
the subterm property. If in addition A is almost total and ⪰ is total, then >G is ground
total.

Proof. To show that >G is a reduction order, the key is that (⩾A,⩾A,>A) and
(⩾A,⊒,⊐) are reduction triples with the subterm property of ⩾A. Using the
normality of A, we can show that >G is identical to the MGWPO induced by
those reduction triples, and therefore a reduction order. Finally, Lemma 3.3.3
shows that >G is ground total.

The following example shows that Theorem 3.3.4 is a powerful yet ground-
total extension of the original WPO.

Example 3.3.5. Consider the system of the combinators S and K (see [11]).

((S · x) · y) · z→ (x · z) · (y · z) (K · x) · y→ x

While the system is well-known to be non-terminating, the system R obtained by flip-
ping the S rule is actually terminating [16].

(x · z) · (y · z)→ ((S · x) · y) · z (K · x) · y→ x

To prove the termination by Theorem 3.3.4, let A be the linear polynomial interpretation
over N defined as follows:

x ·A y = x + y + 1 SA = 0 KA = 0

x ·♯A y = y S♯A = 0 K♯
A = 0

The generalized weighted path order >G constructed by Theorem 3.3.4 with A and
an arbitrary precedence satisfies R ⊆ >G, so R is terminating. In particular, the
comparison (x · z) · (y · z) >G ((S · x) · y) · z proceeds as follows: (x · z) · (y · z) ⩾A
((S · x) · y) · z, as x + y + 2z + 3 ⩾ x + y + z + 3 for all x, y, z ∈ N. So we test if
(x · z) ·♯ (y · z) ⩾A ((S · x) · y) ·♯ z, which boils down to y + z + 1 > z for all y, z ∈N.
The remaining obligations are (x · z) · (y · z) >G (S · x) · y and (x · z) · (y · z) >G z,
which immediately follow by >A. We note that the termination of R above cannot be
done by the original weighted path order if algebras are restricted to be linear polynomial
interpretations over N.
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3.4 Extension to Associativity and Commutativity

The simulation result between the generalized weighted path order and the se-
mantic path order carries over to rewriting modulo associativity and commu-
tativity (AC), at least in a simple setting. To see this, we introduce an AC-
compatible version of the generalized weighted path order which generalizes
the E-AC-MSPO (Theorem 2.6.3), and then we prove a simulation result between
them.

Definition 3.4.1. Let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) be triples of relations on terms.
We define the AC generalized weighted path order (AC-GWPO) >ACG by recursion:
s >ACG t if

1. s ⊐A t or

2. s = f (s̄) ⊒A t, and one of the following conditions holds.

a. s′ ⩾ACG t for some s′ ∈ ▽(s)
b. t = g(t̄), s ⊐B t and {s} >mul

ACG ▽(t)

c. t = f (t̄), s ⊒B t and ▽(s) >mul
ACG ▽(t)

Here >mul
ACG is from the multiset extension of =AC and >ACG, and ⩾ACG is the union

of =AC and >ACG. The AC monotonic generalized weighted path order (AC-
MGWPO) >ACMG is the intersection ⩾A ∩⩾B ∩>ACG.

Theorem 3.4.2. For AC reduction triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) with AC
monotonicity and the subterm property of ⊒A, the relation >ACMG is an AC-compatible
reduction order.

Later, we prove the theorem above as a corollary of a simulation result in the
AC setting. A typical ingredient for (⩾A,⊒A,⊐A) is algebras. An algebra A
is AC-compatible if ⩾A is AC-compatible, or equivalently, AC ⊆ ⩾A; it is strictly
AC-monotone if A is strictly monotone for FAC.

Proposition 3.4.3. Let A be a well-founded, AC-compatible, strictly AC-monotone,
weakly simple and monotone algebra. Then (⩾A,⩾A,>A) is an AC reduction triple
with AC monotonicity and the subterm property of ⩾A.

Below is an example of termination proof with Theorem 3.4.2.

Example 3.4.4. Consider the following TRS R.

0+ x → x (−x) + x → 0

1× x → x (x + y)× z→ (x× z) + (y× z)
−(x + y)→ (−y) + (−x)
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We prove its termination modulo AC for FAC = {+,×}. Let A be the algebra over
integers ⩾ 2

0A = 2 1A = 2 x +A y = x + y + 1 x×A y = xy −A(x) = x

and a precedence ⪰ with − ≻ + and + and × minimal. Then, we consider the AC
reduction triple induced by A as in Proposition 3.4.3, and the one induced by ⪰ as in
Proposition 2.6.4. By Theorem 3.4.2, the AC-MGWPO >ACMG induced by those are an
AC-compatible reduction order. So, it remains to confirm R ⊆ >ACMG. For the rule
−(x + y) → (−y) + (−x), we verify that both −(x + y) and (−y) + (−x) evaluate
to x + y + 1 in A and then use case 2b with − ≻ +. The other rules can be handled by
case 1.

We remark that the strict AC-monotonicity is essential for Proposition 3.4.3
and monotonicity of the thus-induced AC-MGWPO. So it is not allowed to in-
terpret AC-symbols as max.

Example 3.4.5. Let F = {f(1), g(2),+(2)} and FAC = {+}. Consider >ACMG induced
by the following algebra A on natural numbers

fA(x) = x + 1 gA(x, y) = max{x, y} x +A y = max{x, y}

and the precedence f ≻ g ≻ +. Then we have s = f(x) + f(y) >ACMG g(x, y) = t
as f(x) + f(y) >A g(x, y), but s + z >ACW t + z does not hold, because the most
promising case 2c demands ▽(s + z) >mul

ACG ▽(t + z) which is impossible.

▽(s + z) = {f(x), f(y), z} ▽(t + z) = {g(x, y), z}

Similarly, we cannot naively incorporate the marking technique of Proposi-
tion 2.5.14 into Proposition 3.4.3, since the resulting triple (⩾A,⩾♯

A,>♯
A) may

not satisfy AC-monotonicity of >♯
A as well as the AC-deletion property of ⩾♯

A.
Now, we prove Theorem 3.4.2 by appealing to Theorem 2.6.3 with the simula-

tion technique. To this end, we need an AC version of Proposition 2.5.15.

Proposition 3.4.6. Let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) be AC reduction triples with
AC monotonicity of ⊒A. Then (⩾A ∩⩾B,⊒AB,⊐AB) is an AC reduction triple.

Proof. We only prove the AC monotonicity of ⊐AB, since others are straightfor-
ward to prove. Let f (s, t) ⊐AB u for an AC symbol f , and let v be a term. If
f (s, t) ⊐A u, then f ( f (s, t), v) ⊐AB f (u, v) by the AC monotonicity of ⊐A. Oth-
erwise, f (s, t) ⊒A u and f (s, t) ⊐B u. In this case, we use the AC monotonicity
of both ⊒A and ⊐B.

From the proof, it seems that AC monotonicity of ⊒A is essential, while the
author does not know a counter-example.
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Proof of Theorem 3.4.2. Let >ACMS be the E-AC-MSPO induced by the AC reduc-
tion triple (⩾A ∩ ⩾B,⊒AB,⊐AB). We can prove that >ACS is identical to >ACG

by the same induction argument as in Section 3.2. So Theorem 2.6.3 shows the
claim.

Conversely, an E-AC-MSPO induced by (⩾,⊒,⊐) can be simulated by the
AC-MGWPO induced by the trivial AC-reduction triple (Proposition 2.6.5) and
(⩾,⊒,⊐).

3.5 Evaluation with Benchmark Problems

In order to evaluate our methods in termination analysis, we implemented a
prototype termination tool based on Proposition 2.2.2 with the WPO, MGWPO
and MSPO. We first describe the design of the experiment, and then discuss the
results.

Construction of orders. The tool implements the following five kinds of con-
structions of reduction orders.

W. WPO (Theorem 2.4.8) induced by an F -algebra A and a precedence

G1. MGWPO (Theorem 3.1.4) induced by (⩾A,⩾A,>A) and (⩾B,⩾♯
B,>♯

B) for
a weakly simple and monotone F -algebra A and an (F ∪F ♯)-algebra B

G2. ground-total GWPO (Theorem 3.3.4) induced from an (F ∪F ♯)-algebra A
weakly simple for F and a precedence

S1. MSPO (Theorem 2.5.10) induced by the lexicographic combination of the
reduction triples (⩾A,⩾♯

A,>♯
A) and (⩾B,⩾♯

B,>♯
B) obtained from (F ∪F ♯)-

algebras A and B

S2. MSPO (Theorem 2.5.10) induced by the lexicographic combination of the
reduction triples obtained from an (F ∪F ♯)-algebra A and a precedence

Here F is the original signature of a given TRS, and A and B are linear poly-
nomial interpretations or max/plus interpretations on natural numbers. Note
that S2 corresponds to the GWPO in the sense of the preliminary paper, see Re-
mark 3.2.6. In theory, for the same combination of classes of A and B, the inclu-
sions W ⊊ X ⊊ S1 hold for all X ∈ {G1, S2}, where W represents the set of TRSs
proven terminating by construction W, etc. In contrast, each two of {G1, G2, S2} are
incomparable. If we use different types of algebras, even the same construction
becomes incomparable, let alone different constructions. Finally, we recall that
W and G2 cannot show termination beyond simple termination, while the others
can.
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Implementation. Our implementation uses restricted forms of interpretations
similar to those used in [117, Section 7]. For a linear polynomial interpretation
fA(x1, . . . , xn) = c0 + c1x1 + · · ·+ cnxn, the coefficients must satisfy c1, . . . cn ∈
{0, 1}. This corresponds to MSum of [117, Definition 8] whose weight status
is restricted to polynomial, or strongly linear polynomial [90] where zero is al-
lowed for coefficients. Similarly, for a max/plus interpretation fA(x1, . . . , xn) =
max{c0, c1 + c′1x1, · · · , cn + c′nxn}, the coefficients must satisfy c′1, . . . c′n ∈ {0, 1}.
This corresponds to MSum of [117, Definition 8] whose weight status is re-
stricted to max but has a couple of differences: an argument xi may not be
regarded if c′i = 0, and also ci can be negative. Following the automation tech-
niques of KBO [119] and WPO [117], given a (finite) TRS R, the tool finds suit-
able parameters (algebras and precedences) such that the induced reduction
order > orients all rules in R (i.e., R ⊆ >) if they exist. This is done by en-
coding the constraints into linear arithmetic expressions and then calling the
SMT solver Z3 [31] which has a decision procedure for it. See also the remarks
after Propositions 2.3.2 and 2.3.4. The termination tool was run on a machine
equipped with an Intel Core i7-11850H CPU (8 cores, 16 threads, 2.50–4.80 GHz)
and 16 GB RAM.

Problem set. The problems for the experiment consist of 1528 finite TRSs from
version 11.5 of the Termination Problem Database (TPDB) [98]. For reference,
among those, the 2025 version of the termination tool AProVE (resp. NaTT) proves
termination of 1028 (resp. 827) TRSs, and non-termination of 274 (resp. 169)
within one minute time-limit.

How to read the result table. Let us explain how to read the result table (Ta-
ble 3.1) with an example: method G1 whose A is a max/plus interpretation
and B is a linear polynomial interpretation proved termination of 411 TRSs in
the problem set, timed out for 6 problems and terminated with exceptions for
5 problems, and the total runtime was 25 minutes (after ceiling). All the ex-
ceptions in the experiment happened on large TRSs with thousands rules, so
seemingly the tool terminated due to memory exhaustion. Note that methods W,
G2 and S2 use a single algebra A. The results are in the diagonal cells.

Improvement over the original WPO. Overall, use of our methods instead of
the original WPO (W) significantly improves capability in termination proving.
The small numbers for W and G2 can be explained by the fact that the problem
set contains many non-simply terminating TRSs. When A is a linear polynomial
interpretation, the improvements of G1 and G2 over W are rather mild. This is
because ℓ ⩾A r never hold for duplication rules ℓ → r such as (x + y)× z →
(x× z) + (y× z) when A is required to be weakly simple. As a consequence, the
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Table 3.1: Experiments on 1528 TRSs from TPDB 11.5.

B is linear B is max/plus

A is linear

W : 122 (10 min, 5 TO, 2 E)
G1: 185 (11 min, 5 TO, 2 E)
G2: 138 (13 min, 7 TO)
S1: 398 (20 min, 7 TO, 1 E)
S2: 355 (15 min, 8 TO)

W : -
G1: 201 (14 min, 2 TO, 6 E)
G2: -
S1: 474 (51 min, 19 TO, 1 E)
S2: -

A is max/plus

W : -
G1: 411 (25 min, 6 TO, 5 E)
G2: -
S1: 467 (61 min, 18 TO, 1 E)
S2: -

W : 216 (19 min, 7 TO, 1 E)
G1: 414 (58 min, 20 TO, 6 E)
G2: 235 (39 min, 12 TO)
S1: 424 (92 min, 34 TO, 6 E)
S2: 383 (40 min, 11 TO, 2 E)

methods automatically fail on many in the database. In contrast, this is not the
case for S1 and S2, since they do not demand weak simplicity. Moreover, we can
see that combination of different kinds of algebras improves termination proving
power of G1 and S1, which is not possible for W. We note that the aforementioned
theoretical inclusions W ⊊ X ⊊ S1 do not always hold, due to time-limit.

Comparison to the preliminary paper [87]. As explained, construction S2 cor-
responds to the generalization of the WPO proposed in the preliminary paper of
this chapter. The results show that using another algebra yields a more powerful
generalization of the WPO, namely S1.

3.6 Related Work

We conclude with related work.

Stronger AC-compatible orders. For termination modulo AC, a more power-
ful monotonic semantic path order [24] is known. (We remark that a flaw for
monotonicity of the order is pointed out and corrected by [84].) An interesting
line of research is to investigate a simulation result between the AC monotonic
semantic path order and stronger AC-KBOs [64, 118]. This might pave a way to
a more powerful variant of AC-GWPO.

General path order. For recursive comparison of arguments in path orders,
we have used lexicographic extension in plain rewriting, and multiset extension
in AC rewriting. It is well-known that path orders (e.g., recursive path orders)
can be extended to allow choice of argument comparison method depending on
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the head function symbols. General path orders (GPOs) [35, 44] are a unifying
framework for such extensions, parameterizing the way to compare arguments.
It is worth investigating simulation results between GPOs and suitable versions
of WPOs.
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Chapter 4

Generalized Weighted Path Order as
Reduction Pair

We have considered the reduction order versions of the generalized weighted
path order so far. On the other hand, the original weighted path order has been
extended to reduction pairs (Theorem 2.7.8) so it can be used more effectively
in the dependency pair method. In this chapter we introduce reduction pair
versions of the generalized weighted path order, and ones of the semantic path
order as their special cases. Interestingly, the result (Theorem 3.2.5) that the
semantic path order as reduction order simulates the generalized weighted path
order does not carry over to this reduction pair setting.

4.1 GWPO as Reduction Pair — Basic Version

We begin with a necessary definition. For a partial status π, a relation ⇝ on
terms is simple with respect to π if f (t1, . . . , tn)⇝ ti for all function symbols f (n),
terms t1, . . . , tn and i ∈ π( f ). This is an analog of simplicity of algebras with
respect to partial statuses which is demanded for the reduction pair version of
WPO. As we expect, >A (resp. ⩾A) is simple with respect to π if an algebra A
is strictly (resp. weakly) simple with respect to π.

Definition 4.1.1. Let π be a partial status, and let (⊒A,⊐A) and (⊒B,⊐B) be pairs
of relations on terms. The generalized weighted path order (⩾G,>G) is a pair of
relations on terms defined simultaneously as follows: s ⩾G t if

1. s ⊐A t or

2. s ⊒A t and one of the following conditions holds.

a. s = f (s1, . . . , sm) and si ⩾G t for some i ∈ π( f ).

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >G tj for all j ∈ π(g), and

i. s ⊐B t or

ii. s ⊒B t and π( f )(s1, . . . , sm) ⩾lex
G π(g)(t1, . . . , tn).
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Chapter 4: Generalized Weighted Path Order as Reduction Pair

c. s ∈ V and s = t

The relation >G is defined by cases 1, 2a and 2b where ⩾lex
G is replaced by >lex

G . Here
(⩾lex

G ,>lex
G ) is the lexicographic extension of (⩾G,>G).

As in the reduction order setting, we define a monotonic version of the gener-
alized weighted path order.

Definition 4.1.2. Let π be a partial status, and let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B)
be triples of relations on terms. The monotonic generalized weighted path or-
der (⩾MG,>MG) is defined as the pair of ⩾A ∩⩾B ∩⩾G and ⩾A ∩⩾B ∩>G where
(⩾G,>G) is induced by (⊒A,⊐A) and (⊒B,⊐B).

Needless to say, the MGWPO as well as the GWPO are incremental (as reduc-
tion pair). Here we arrive at our main theorem.

Theorem 4.1.3. Suppose that the signature is bounded. Let π be a partial status, and
(⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) reduction triples. If ⊒A is simple with respect to π,
then (⩾MG,>G) is a reduction pair and (⩾MG,>MG) is a normal reduction pair. If in
addition π is total, then (⩾MG,>MG) is a monotone reduction pair.

The proof appears in the end of this section. The original weighted path order
as reduction pair (Theorem 2.7.8) is obtained by instantiating (⩾A,⊒A,⊐A) with
(⩾A,⩾A,>A), and (⩾B,⊒B,⊐B) with the reduction pair induced by precedence.
As the original weighted path order does in [117, Section 4.2], it is possible to in-
corporate more refinements in Definition 4.1.1. This is considered in Section 4.3.
Now, let us look at a termination proof by Theorem 4.1.3.

Example 4.1.4. Let R be the following TRS (from [4, Example 3.4])

m(x, 0) 1−→ 0 m(s(x), s(y)) 2−→ m(x, y)

p(0, y) 3−→ y p(s(x), y) 4−→ s(p(x, y))

m(m(x, y), z) 5−→ m(x, p(y, z))

q(0, s(y)) 6−→ 0 q(s(x), s(y)) 7−→ s(q(m(x, y), s(y)))

where m means minus, p plus, and q quotient. The dependency pairs DP(R) consists of
6 rules.

M(s(x), s(y)) 8−→ M(x, y) P(s(x), y) 9−→ P(x, y)

M(m(x, y), z) 10−→ M(x, p(y, z)) M(m(x, y), z) 11−→ P(y, z)

Q(s(x), s(y)) 12−→ Q(m(x, y), s(y)) Q(s(x), s(y)) 13−→ M(x, y)
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Let A be the linear polynomial interpretation over N

0A = 0 0♯A = 0 sA(x) = x + 1 s♯A(x) = 0

mA(x, y) = x m♯
A(x, y) = x MA(x, y) = x + 1 M♯

A(x, y) = x

pA(x, y) = x + y + 1 p♯A(x, y) = 1 PA(x, y) = 0 P♯
A(x, y) = x

qA(x, y) = x + 1 q♯A(x, y) = 1 QA(x, y) = x Q♯
A(x, y) = x

and π the partial status with π(M) = π(m) = [1] and π( f ) = [ ] for other func-
tion symbols f . We construct the reduction pair (⩾MG,>G) by Theorem 4.1.3 with the
reduction triples (⩾A,>A,>A) and (⩾A,>♯

A,>♯
A). To conclude that R is terminat-

ing, it suffices to show R ⊆ ⩾MG and DP(R) ⊆ >G. This can be seen as follows:
{1, 2, 3, 6, 8, 11, 12, 13} ⊆ >A, so these are handled by case 1. For the other rules we
compare them after marking the root symbols.

4 : p♯(s(x), y) >A s♯(p(x, y)) 5 : m♯(m(x, y), z) ⩾A m♯(x, p(y, z))

7 : q♯(s(x), s(y)) >A s♯(q(m(x, y), s(y))) 9 : P♯(s(x), y) >A P♯(x, y)

10 : M♯(m(x, y), z) ⩾A M(x, p(y, z))

For rules 5 and 10 we further apply recursive comparison by case 2b(ii).

In the example above, some arguments ignored by π are used by the interpre-
tation A, see for example pA(x, y) = x + y + 1. This is an advantage of having
partial status built-in rather than applying the GWPO with argument filtering.
Although the two approaches are incomparable in general (as argument filtering
allows collapsing), the following proposition states that the latter with a partial
status (non-collapsing argument filter) can be simulated by the former. This is
an analog of [117, Proposition 1].

Proposition 4.1.5. Let F be the signature, π a partial status, and (⩾A1 ,⊒A1 ,⊐A1)
and (⩾B1 ,⊒B1 ,⊐B1) reduction triples on T (Fπ,V). Then there are reduction triples
(⩾A2 ,⊒A2 ,⊐A2) and (⩾B2 ,⊒B2 ,⊐B2) on T (F ,V) such that (⩾π

MG1
,>π

G1
) is identical

to (⩾MG2 ,>G2), where (⩾MG1 ,>G1) is induced by the total status, A1 and B1, and
(⩾MG2 ,>G2) is induced by π, A2 and B2. Moreover, if ⊒A1 has the subterm property,
then ⊒A2 is simple with respect to π.

Proof. Define (⩾A2 ,⊒A2 ,⊐A2) as (⩾π
A1

,⊒π
A1

,⊐π
A1
), and similarly (⩾B2 ,⊒B2 ,⊐B2)

as (⩾π
B1

,⊒π
B1

,⊐π
B1
). Then it can be shown that s ⩾π

G1
t if and only if s ⩾G2 t and

s >π
G1

t if and only if s >G2 t for all terms s and t. This is done by induction on

|s|+ |t|. The simplicity of ⊒A2 is also easy.

As another small remark, we compare the reduction pairs (⩾MG,>G) and
(⩾MG,>MG). An evident difference is that the latter may be used as monotone
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Chapter 4: Generalized Weighted Path Order as Reduction Pair

reduction pair with a total status. Another difference is that, in contrast to
(⩾MG,>MG), the reduction pair (⩾MG,>G) may not satisfy normality (see the
example below), which is a relevant property for the lexicographic combination
technique [88]. As >MG ⊆ >G holds by definition, we should use the former
when the differences above are negligible.

Example 4.1.6. Let A be the algebra on N defined by fA(x) = 0 and aA = 1. Let
(⩾MG,>G) be the GWPO induced by the empty status, (⩾A,⩾A,>A) and the trivial
reduction triple (Proposition 2.5.16). While f(a) >G a holds from case 1, f(a) ⩾MG a

does not hold since we do not have f(a) ⩾A a. So the reduction pair is not normal.

As yet another remark, we relate the reduction pair version and the reduction
order version introduced in Chapter 3: Let > be the reduction order version
of the MGWPO (Definition 3.1.3) induced by reduction triples A and B, and
let (⩾MG,>MG) be the reduction pair version of the MGWPO (Definition 4.1.2)
induced by the total status, A and B. Then by easy simultaneous induction one
can show that ⩾ ⊆ ⩾MG and > ⊆ >MG, where ⩾ is the reflexive closure of
>. For termination proving, the greater relations are the more profitable, so we
should use the reduction pair version.

Now, we present a proof of Theorem 4.1.3. Not surprisingly, proofs for the
original WPO [114, 117] carry over. Let (⩾G,>G) be the GWPO induced by a
partial status π and pairs (⊒A,⊐A) and (⊒B,⊐B) of relations on terms.

Lemma 4.1.7. The inclusion >G ⊆ ⩾G holds.

Proof. It suffices to prove that s ⩾G t whenever s >G t by induction on |s|+ |t|,
which is routine work.

Lemma 4.1.8. If (⊒A,⊐A) and (⊒B,⊐B) are order pairs, then ⩾G and >G are transi-
tive, and (⩾G,>G) is compatible.

Proof. The claim is proven by showing the next four properties for all terms s, t
and u: if s ⩾G t and t ⩾G u then s ⩾G u; if s ⩾G t and t >G u then s >G u; if
s >G t and t ⩾G u then s >G u; and if s >G t and t >G u then s >G u. This is
done by easy simultaneous induction on |s|+ |t|+ |u|.

Lemma 4.1.9. If ⊒A and ⊒B are reflexive and ⊒A is simple with respect to π, then

• t >G ti whenever i ∈ π( f ) and t = f (t1, . . . , tn), and

• t ⩾G t for all t (i.e., ⩾G is reflexive).

Proof. We show the two claims simultaneously by induction on |t|. For the first
claim, we use the induction hypothesis to have ti ⩾G ti. Since t ⊒A ti by as-
sumption, we obtain t >G ti by case 2a. For the second claim, if t is a variable,
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then t ⩾G t follows from case 2c and the assumptions. If t = f (t1, . . . , tn) we
apply case 2b(ii) to obtain t ⩾G t as follows: we have t ⊒A t and t ⊒B t by
assumption, and t >G ti for all i ∈ π( f ) and π( f )(t1, . . . , tn) ⩾lex π( f )(t1, . . . , tn)

by the induction hypothesis.

Next we show stability via Lemma 4.1.9.

Lemma 4.1.10. If (⊒A,⊐A) and (⊒B,⊐B) are stable, ⊒A and ⊒B are reflexive, and
⊒A is simple with respect to π, then (⩾G,>G) is stable.

Proof. It suffices to prove the following properties: for all terms s and t and
substitutions σ, if s ⩾G t then sσ ⩾G tσ, and if s >G t then sσ >G tσ. We
prove these simultaneously by induction on |s| + |t|. Here we only prove the
first property since the other can be proved in a similar way. To this end, we
analyze how s ⩾G t is derived.

1. If s ⩾G t follows from case 1, then sσ ⊐A tσ, so sσ ⩾G tσ by case 1.

2. If s ⩾G t follows from case 2, we have sσ ⊒A tσ.

a. Suppose that s ⩾G t follows from case 2a. By the induction hypothesis, we
obtain sσ ⩾G tσ again by case 2a.

b. Suppose that s ⩾G t follows from case 2b. Whether it is case 2b(i) or 2b(ii),
with the induction hypothesis, we obtain sσ ⩾G tσ again by case 2b.

c. Suppose that s ⩾G t follows from case 2c, namely s = t. Then sσ ⩾G tσ
follows from Lemma 4.1.9.

We prove well-foundedness via Buchholz’s method, cf. [117, Lemma 9]. We
need the assumptions to use Lemma 4.1.8.

Lemma 4.1.11. Suppose that the signature is bounded, (⊒A,⊐A) and (⊒B,⊐B) are
well-founded stable order pairs, and ⊒A is simple with respect to π. Then t ∈ SN(>G)
whenever s = f (s1, . . . , sm) >G t and si ∈ SN(>G) for all i ∈ π( f ).

Proof. We perform induction on the quadruple (s, s, π( f )(s1, . . . , sm), t) with re-
spect to≫, where≫ is the lexicographic product

(⊒A,⊐A)⊗ (⊒B,⊐B)⊗ (⩾lex
G ,>lex

G )⊗ (Q,▷)

defined on T × T × SN(>G)
⩽k × T for an upper bound k of arity. It suffices to

prove that u ∈ SN(>G) whenever t >G u. If t is a variable, then by definition
t ⊐A u must hold. By applying σ = {t 7→ u} to t ⊐A u successively, we obtain
u ⊐A uσ ⊐A (uσ)σ ⊐A · · · , which contradicts to the well-foundedness of ⊐A.
So letting t = g(t1, . . . , tm) we analyze the derivation of s >G t.
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1. Suppose s ⊐A t. By the simplicity assumption, we have s ⊐A t ⊒A tj
and therefore s >G tj for all j ∈ π(g). So, we apply the induction hy-
pothesis with (s, s, π( f )(s1, . . . , sm), t) ≫ (s, s, π( f )(s1, . . . , sm), tj) to obtain
tj ∈ SN(>G) for all j ∈ π(g). Here, for readability, the decreasing components
are indicated by underlining. Then, we apply the induction hypothesis with
(s, s, π( f )(s1, . . . , sm), t)≫ (t, t, π(g)(t1, . . . , tn), u) to obtain u ∈ SN(>G).

2. Suppose s ⊒A t.

a. Assume s = f (s1, . . . , sm) and si ⩾G t for some i ∈ π( f ). Then we have
si >G u by Lemma 4.1.8, so si ∈ SN(>G) yields u ∈ SN(>G).

b. Assume s >G tj for all j ∈ π(g). We apply the induction hypothesis with
(s, s, π( f )(s1, . . . , sm), t) ≫ (s, s, π( f )(s1, . . . , sm), tj) to obtain tj ∈ SN(>G)

for all j ∈ π(g). Finally, we apply the induction hypothesis with

(s, s, π( f )(s1, . . . , sm), t)≫ (t, t, π(g)(t1, . . . , tn), u)

to obtain u ∈ SN(>G), where the inequality of ≫ is justified as follows:
if case 2b(i) holds, then we have a decrease in the second component; if
case 2b(ii) holds, then we have a decrease in the third.

Lemma 4.1.12. Suppose that the signature is bounded, (⊒A,⊐A) and (⊒B,⊐B) are
well-founded stable order pairs, and ⊒A is simple with respect to π Then >G is well-
founded.

Proof. We show that t ∈ SN(>G) for all terms t by structural induction on t. It
suffices to show that u ∈ SN(>G) whenever t >G u. By the same argument
used in the proof of Lemma 4.1.11, we can assume that t is not a variable, so
let t = f (t1, . . . , tm). By the induction hypothesis ti ∈ SN(>G) for all i, so
Lemma 4.1.11 applies.

Finally, we prove monotonicity. Let (⩾MG,>MG) be the monotone generalized
weighted path order induced by a partial status π and triples (⩾A,⊒A,⊐A) and
(⩾B,⊒B,⊐B) of relations on terms.

Lemma 4.1.13. Suppose that ⩾A and ⩾B are monotone, ⊒A and ⊒B are reflexive and
harmonious to ⩾A and ⩾B, respectively, and ⊒A is simple with respect to π. Then ⩾MG

is monotone. If in addition π is total, then >MG is also monotone.

Proof. The claim can be shown with Lemma 4.1.9.

Theorem 4.1.3 is now obtained by invoking these lemmas.
The usable rule technique [46–48, 54, 105] is a popular refinement to Theo-

rem 2.7.3 which relaxes the requirement R ⊆ ⩾ to U ⊆ ⩾ for a possibly smaller
set U ⊆ R of usable rules; see also [92, Section 4] for the most general version.
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The technique demands the reduction pair (⩾,>) to be CE -compatible, mean-
ing that the reduction pair (⩾,>) can be extended to one (⩾′,>′) with CE ⊆ ⩾′,
where CE = {c(x, y)→ x, c(x, y)→ y} and c is a fresh binary symbol. Like usual
reduction pairs, the GWPO (Theorem 4.1.3) satisfies CE -compatibility almost for
free, as we show in what follows.

We say that a reduction triple (⩾,⊒,⊐) is CE -compatible if it can be extended
to one (⩾′,⊒′,⊐′) with CE ⊆ ⩾′.

Proposition 4.1.14. Let A and B be CE -compatible reduction triples and π a partial
status. Then (⩾MG,>MG) and (⩾MG,>G) are CE -compatible.

Proof. The claim is shown by extending π with π(c) = [1, 2].

The assumption of the proposition above is negligible in practice, because
usual reduction triples are CE -compatible: the trivial reduction triple (Propo-
sition 2.5.16) and those induced by precedences (Proposition 2.5.11) are CE -
compatible; usual interpretations (like polynomial interpretations, max/plus in-
terpretations, matrix interpretation [37], and so on) induce CE -compatible re-
duction triples, whether via Proposition 2.5.12 or Proposition 2.5.14; and lexico-
graphic combination (Proposition 2.5.15) preserves CE -compatibility.

Continuing with the usable rule technique, we consider π-compatibility of re-
duction pairs, which is relevant to the refinement called usable rule w.r.t. ar-
gument filtering [48]. Let us recall the formal definition: The i-th argument
position of a function symbol f is invariant w.r.t. a relation⇝ if C[s] ⇝ C[t] for
all terms s and t and contexts C = f (ū,□, v̄) with the hole □ at the i-th argument
of f [88]. A reduction pair (⩾,>) is π-compatible for a partial status π if the i-th
argument position of f is invariant w.r.t. ⩾ whenever i /∈ π( f ). So, below we
give a sufficient condition of invariance w.r.t. ⩾MG. For convenience, we extend
the notion of invariance to reduction triples: The i-th argument position of a
function symbol f is invariant w.r.t. a reduction triple (⩾,⊒,⊐) if it is so with
respect to ⩾ and ⊒.

Proposition 4.1.15. Let ⩾MG be the MGWPO induced by a partial status π and re-
duction triples A and B. The i-th argument position of a function symbol f is invariant
w.r.t. ⩾MG if it is so w.r.t. A and B, and also i /∈ π( f ).

Proof. Let s and t be terms and C = f (ū,□, v̄) a context with the hole □ at the
i-th argument of f . By assumption, we have C[s] ⩾A C[t], C[s] ⩾B C[t] and
C[s] ⩾G C[t] by case 2b(ii). So C[s] ⩾MG C[t].

We can use the criterion above as follows: Given a partial status π and reduc-
tion triples A and B, we define the partial statuses ρ by

ρ( f ) = {i /∈ π( f ) | the i-th argument position of f is invariant w.r.t. A and B}
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for each function symbols f . Also, we define ρ̄( f ) = {1, . . . , n} \ ρ( f ) for each
n-ary function symbol f . Then (⩾MG,>G) and (⩾MG,>G) induced by π, A and
B are ρ̄-compatible.

The remaining problem for using Proposition 4.1.15 is how to estimate invari-
ant positions for the underlying reduction triples A and B. For those induced
by algebras, this is done by adapting how to do it for reduction pairs, see for
example [88]. For the trivial reduction triple and those induced by precedences,
all argument positions are invariant. Also, lexicographic combination (Propo-
sition 2.5.15) preserves invariance: if an argument position is invariant w.r.t.
reduction triples A and B, then it is so w.r.t. the lexicographic combination of A
and B.

Another technique to which invariance is relevant is lexicographic combina-
tion of reduction pairs [88]. In addition to invariant positions, the technique
demands us to identify monotone positions: Formally, the i-th argument position
of a function symbol f is monotone w.r.t. a relation ⇝ if f (t1, . . . , ti, . . . , tn) ⇝
f (t1, . . . , t′i, . . . , tn) for all terms t1, . . . , tn and ti with ti ⇝ t′i. We have a proposi-
tion for monotone positions in the style of Proposition 4.1.15.

Proposition 4.1.16. Let >MG the MGWPO induced by a partial status π and reduction
triples A and B. The i-th argument position of a function symbol f is monotone w.r.t.
>MG if i ∈ π( f ).

It seems non-trivial to estimate monotone positions of >G, because it is not
designed to be monotone in the first place. That said, the lexicographic com-
bination technique demands normality, and therefore forces to use (⩾MG,>MG)
instead of (⩾MG,>G).

4.2 SPO as Reduction Pair — Basic Version

To the author’s best knowledge, there is no existing work to formulate the se-
mantic path order as reduction pair incorporating mutual recursion and partial
status as in Definition 4.1.1. Such a version of the semantic path order is natu-
rally obtained from the GWPO.

Definition 4.2.1. Let π be a partial status and let (⊒,⊐) be a pair of relations on terms.
The semantic path order (⩾S,>S) induced by π and (⊒,⊐) is defined inductively as
follows: s ⩾S t if

1. s = f (s1, . . . , sm) and si ⩾S t for some i ∈ π( f ).

2. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >S tj for all j ∈ π(g), and

a. s ⊐ t or
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b. s ⊒ t and π( f )(s1, . . . , sm) ⩾lex
S π(g)(t1, . . . , tn).

3. s ∈ V and s = t

The relation >S is defined by cases 1, 2a and 2b where ⩾lex
S is replaced by >lex

S . Here
(⩾lex

S ,>lex
S ) is the lexicographic extension of (⩾S,>S).

Obviously, we could define (⩾S,>S) as (⩾G,>G) induced from (T × T ,∅)
and (⊒,⊐). The monotone version is defined as follows.

Definition 4.2.2. Let π be a partial status, and let (⩾,⊒,⊐) be a triple of relations
on terms. The monotonic semantic path order (⩾MS,>MS) is defined as the pair of
⩾∩⩾S and ⩾∩>S where (⩾S,>S) is induced by (⊒,⊐).

Again, we could define (⩾MS,>MS) as (⩾MG,>MG) induced from the reduc-
tion triple (T × T , T × T ,∅) and (⩾,⊒,⊐). This results in the following corol-
lary.

Corollary 4.2.3. Suppose that the signature is bounded. Let π be a partial status, and
(⩾,⊒,⊐) a reduction triple. Then (⩾MS,>S) is a reduction pair. If in addition π is
total, then (⩾MS,>MS) is a monotone reduction pair.

The advantage compared to Theorem 4.1.3 is that the weak simplicity require-
ment is vanished.

Example 4.2.4. Consider the following singleton TRS R [33].

if(if(x, y, z), v, w)
1−→ if(x, if(y, v, w), if(z, v, w))

We show the termination by Corollary 2.7.4 by constructing an MSPO (⩾MS,>S) such
that R ⊆ ⩾MS and DP(R) ⊆ >S. Here the dependency pairs DP(R) are:

IF(if(x, y, z), v, w)
2−→ IF(x, if(y, v, w), if(z, v, w))

IF(if(x, y, z), v, w)
3−→ IF(y, v, w)

IF(if(x, y, z), v, w)
4−→ IF(z, v, w)

To that end, consider (⩾MS,>S) induced by π and (⩾A,⩾A,>A), where A is the
linear polynomial interpretation over N

ifA(x, y, z) = x + y + 1 if♯A(x, y, z) = 0

IFA(x, y, z) = x + y + z IF♯A(x, y, z) = 0

and π is the partial status with π(if) = [1, 2, 3] and π(IF) = [1]. By calculation, both
terms of if(if(x, y, z), v, w) ⩾A if(x, if(y, v, w), if(z, v, w)) evaluate to x + y + v + 2,
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so the inequality holds. In this way, we can confirmR∪DP(R) ⊆ ⩾A. Now, it suffices
to show R∪DP(R) ⊆ >S. Actually, we can use case 2b for all rules 1–4 by verifying
that the first arguments are decreasing, thanks to the choice of π. So we conclude the
termination of R, remarking that the third argument of ifA is not weakly simple but
3 ∈ π(if).

Next, following Section 3.2 we compare the generalized weighted path order
with the semantic path order as reduction pair. Let (⩾G,>G) be the GWPO
induced by a partial status π and stable order pairs (⊒A,⊐A) and (⊒B,⊐B) such
that ⊒A is simple with respect to π. We consider the SPO (⩾S,>S) induced by
the lexicographic combination (⊒AB,⊐AB) and π. In this setting, an analog of
Lemma 3.2.4 holds.

Lemma 4.2.5. For all terms s and t, it holds that s ⩾S t implies s ⩾G t, and s >S t
implies s >G t.

Proof. We prove the two implications simultaneously by induction on |s| + |t|.
Here we only prove the first claim, as the other is analogously shown. Let s ⩾S t.
We analyze how it is derived.

1. If it follows from case 1, then s = f (s1, . . . , sm) and si ⩾S t for some i ∈ π( f ).
By the induction hypothesis we have si ⩾G t. By definition, si ⊐A t or si ⊒A t
holds. In the former case, we use the simplicity assumption to obtain s ⊒A
si ⊐A t, so s ⩾G t by case 1. In the latter case, we are done by case 2a.

2. If it follows from case 2, we have s = f (s1, . . . , sm), t = g(t1, . . . , tn) and s >S tj
for all j ∈ π(g). By the induction hypothesis we have s >G tj for all j ∈ π(g).

a. If s ⊐AB t, we further analyze how it follows: If s ⊐A t then we have s >G t
by case 1. Otherwise, we conclude with case 2a(i).

b. If s ⊒AB t, we further analyze how it follows: If s ⊐A t then we have s >G t
by case 1. Otherwise, we conclude with case 2a(ii) using the induction
hypothesis.

3. If it follows from case 3, we simply apply the corresponding case 2c.

The assumption that ⊒A is simple with respect to π is essential for the lemma
above.

Example 4.2.6. Consider the signature {a(0), f(1)}, the partial status π with π(f) =
[1], and the algebra A on N defined by aA = 1 and fA(x) = 0. Let (⊒A,⊐A) be
(⩾A,>A) and let (⊒B,⊐B) be (T × T ,∅). Then we have f(a) >S a by case 1 but
f(a) >G a does not hold.

The converse is shown by additionally assuming that π is total. The proof
follows the same line as Lemma 3.2.3.

70



4.2 SPO as Reduction Pair — Basic Version

Lemma 4.2.7. Suppose that π is total. For all terms s and t, it holds that s ⩾G t implies
s ⩾S t, and s >G t implies s >S t.

The assumption that π is total cannot be dropped.

Example 4.2.8. Suppose that the signature only contains a unary function symbol f.
Let π be the partial status defined by π(f) = [ ], let A be the algebra on N defined
by fA(x) = x + 1, and let (⊒B,⊐B) be an arbitrary pair of relations on terms (e.g.,
one induced by a precedence to consider the original WPO). On one hand, the GWPO
(⩾G,>G) induced by (⩾A,>A) and (⊒B,⊐B) satisfies f(x) ⩾G x and f(x) >G x by
case 1. On the other hand, no SPO (⩾S,>S) (regardless of the underlying order pair)
satisfies neither f(x) ⩾S x nor f(x) >S x, because only possible case 1 is blocked by
π(f) = [ ].

The cause behind the example above is very simple: if s ⊐A t, the GWPO
satisfies s >G t and s >G t with case 1 regardless of the underlying partial
status, while s >S t (or s ⩾S t) may not be possible if the partial status does not
allow it, cf. Example 3.2.2.

As a consequence of Lemmas 4.2.5 and 4.2.7, we can show an analog of Theo-
rem 3.2.5: Let (⩾MG,>MG) be the monotone generalized weighted path order in-
duced by a partial status π and reduction triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B)
with ⊒A simple with respect to π, and let (⩾MS,>MS) be the monotone semantic
path order induced by π and (⩾A ∩ ⩾B,⊒AB,⊐AB).

Theorem 4.2.9. We have ⩾MS ⊆ ⩾MG and >MS ⊆ >MG as well as >S ⊆ >G. If
additionally π is total, then ⩾MS, >MS and >S are identical to ⩾MG, >MG and >G,
respectively.

So, in the setting of Theorem 4.2.9 the GWPO is preferred over the SPO if ⊒A
is simple with respect to π. In other words, the SPO should be used only if the
simplicity requirement is not satisfied.

Compared to Theorem 3.2.5, we have seen that the construction used in The-
orem 4.2.9 it is good enough to simulate GWPOs with full statuses but not
good enough to simulate all of them. So, it is natural to seek a better con-
struction. However, we note that any such construction must essentially use
well-foundedness of the order pair A, in contrast to Theorems 3.2.5 and 4.2.9.
This can be seen from the following example.

Example 4.2.10. Suppose that the signature only contains a unary function symbol f.
Let π be the partial status defined by π(f) = [ ], let A be the algebra on Z⩽0 defined
by fA(x) = x− 1, and let (⊒B,⊐B) be an arbitrary pair of relations on terms. On one
hand, the GWPO (⩾G,>G) induced by (⩾A,>A) and (⊒B,⊐B) satisfies x ⩾G f(x)
and x >G f(x) by case 1 and x >A f(x). On the other hand, no SPO (regardless of the
underlying order pair and partial status) satisfies it, because by definition the variable x
cannot be greater than or equal to f(x).
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In Chapter 5 we indeed consider non-well-founded order pairs as above.

4.3 GWPO as Reduction Pair — Refined Version

As already mentioned, the original WPO has a version with more refinements.
The definition is as follows:

Definition 4.3.1. Let π be a partial status, A an algebra, and ⪰ a precedence (a quasi-
order on function symbols). The weighted path order (⩾W′ ,>W′) is the pair of rela-
tions on terms defined simultaneously as follows: s ⩾W′ t if

1. s >A t, or

2. s ⩾A t and one of the following conditions holds:

a. s = f (s1, . . . , sm) and si ⩾W′ t for some i ∈ π( f ).

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >W′ tj for all j ∈ π(g), and

i. f ≻ g or

ii. f ⪰ g and π( f )(s1, . . . , sm) ⩾lex
W′ π(g)(t1, . . . , tn).

c. s ∈ V and either s = t or t = g(t1, . . . , tn), π(g) = [ ] and g is least in ⪰.

d. s = f (s1, . . . , sm), t ∈ V , A is strictly simple with respect to π, and for all
function symbols g, either f ≻ g or f ≡ g and π(g) = [ ] hold.

Here≻ is the strict part of⪰ and≡ is the equivalence induced from⪰. The relation >W′

is defined by cases 1, 2a and 2b where ⩾lex
W′ is replaced by >lex

W′ . As usual, (⩾lex
W′ ,>

lex
W′)

is the lexicographic extension of (⩾W′ ,>W′).

This refined version also gives rise to reduction pairs.

Theorem 4.3.2 ([117]). Suppose that the signature is bounded. Let π be a partial status,
⪰ a precedence, and A an algebra that is well-founded, non-trivial, normal, weakly π-
simple and weakly monotone. Then (⩾W′ ,>W′) is a reduction pair.

Here, the normality requirement is required to keep ⩾W′ monotone, see Ex-
ample 2.4.9. The non-triviality of the algebra is required for ⩾G′ to be transitive,
see [103]. As a consequence, the refined version has the nice property that it can
simulate every non-trivial and normal reduction pair.

Proposition 4.3.3 ([117]). Let (⩾,>) be a non-trivial and normal reduction pair. Then
there are a partial status π, a precedence ⪰, and A an algebra that is well-founded, non-
trivial, normal, weakly π-simple and weakly monotone such that the induced WPO
(⩾W′ ,>W′) is identical to (⩾,>).

We incorporate the refinements into our generalized weighted path order.
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Definition 4.3.4. Let π be a partial status, and let (⊒A,⊐A) and (⊒B,⊐B) be pairs
of relations on terms. The generalized weighted path order (⩾G′ ,>G′) is a pair of
relations on terms defined simultaneously as follows: s ⩾G′ t if

1. s ⊐A t or

2. s ⊒A t and one of the following conditions holds.

a. s = f (s1, . . . , sm) and si ⩾G′ t for some i ∈ π( f ).

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >G′ tj for all j ∈ π(g), and

i. s ⊐B t or

ii. s ⊒B t and π( f )(s1, . . . , sm) ⩾lex
G′ π(g)(t1, . . . , tn).

c. s ∈ V and either s = t or t = g(t̄), π(g) = [ ] and f (x̄) ⊒B t for all f ∈ F and
variables x̄.

d. s = f (s̄), t ∈ V , ⊐A is simple with respect to π, and for all function symbols g
and variables x̄, it holds that s ⊐B g(x̄) or s ⊒B g(x̄) and π(g) = [ ].

The relation >G′ is defined by cases 1, 2a and 2b where ⩾lex
G′ is replaced by >lex

G′ . Here
(⩾lex

G′ ,>
lex
G′ ) is the lexicographic extension of (⩾G′ ,>G′).

The monotonic version is defined in the same way.

Definition 4.3.5. Let π be a partial status, and let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B)
be triples of relations on terms. The monotonic generalized weighted path order
(⩾MG′ ,>MG′) is defined as the pair of ⩾A ∩⩾B ∩⩾G′ and ⩾A ∩⩾B ∩>G′ where
(⩾G′ ,>G′) is induced by (⊒A,⊐A) and (⊒B,⊐B).

Again, this version of the (M)GWPO is also incremental.

Theorem 4.3.6. Suppose that the signature is bounded. Let π be a partial status, and
(⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) reduction triples with ⊒A simple with respect to π.
If (⊒A,⊐A) is non-trivial, (⩾MG′ ,>G′) is a reduction pair. If in addition π is total,
(⩾MG′ ,>MG′) is a monotone reduction pair.

Before presenting the proof, we add several remarks. As expected, Theo-
rem 4.3.2 is obtained from Theorem 4.3.6 by instantiating (⩾A,⊒A,⊐A) with
(⩾A,⩾A,>A), and (⩾B,⊒B,⊐B) with the reduction pair induced by precedence.
We also note that for (⩾MG′ ,>G′) to be a reduction pair demands non-triviality of
(⊒A,⊐A), which is already required in the refined version of the original WPO,
in the form of non-triviality of the algebra A. This is relevant when plugging
the trivial reduction triple to obtain an SPO version, which is considered in the
next section.

Moreover, the refined version of the GWPO has the nice property that it can
simulate every non-trivial reduction pair.
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Theorem 4.3.7. Let (⩾,>) be a non-trivial reduction pair. Then there are a partial
status π and reduction triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) with ⊒A ⊊ T × T
simple with respect to π such that (⩾MG′ ,>G′) is identical to (⩾,>).

Proof. We follow the proof of Proposition 4.3.3 [117]. Let π be the empty sta-
tus, and let A be (⩾,⩾,>) and B the reduction triple induced by the smallest
precedence. Then the same argument goes through.

Compared to Proposition 4.3.3, the normality requirement on the reduction
pair is dropped. This might look a minor improvement, but interestingly we
have indeed constructed reduction pairs that are possibly not normal by the
GWPO itself (Theorem 4.1.3).

We have a small remark on decidability. Assume that the signature is finite.
Given reduction triples with each relation decidable, the induced relations ⩾G′

and >G′ are also decidable. For example, checking if case 2c holds is done by
checking f (x̄) ⊒B t for each f with some fresh variables x̄ not occurring in
t, owing to the assumption that the underlying relations are stable. The same
observation can be used when we solve the search problem of the GWPO satis-
fying certain ordering constraints by means of SMT/SAT solvers. For example,
suppose that the encoding of the relation ⊒B is known for the designated class
of reduction triples B. Then, the constraint that f (x̄) ⊒B t for all function sym-
bols f and variables x̄ is equivalent to the finite conjunction of f (z̄) ⊒B t for all
function symbols f , where z̄ are fresh variables not occurring in t.

From now on, we present a proof of Theorem 4.3.6. The proof follows the same
line as Theorem 4.1.3, so we omit details but emphasize differences if there are.
Let (⩾G′ ,>G′) be the GWPO induced by a partial status π and pairs (⊒A,⊐A)
and (⊒B,⊐B) of relations on terms.

Lemma 4.3.8. The inclusion >G′ ⊆ ⩾G′ holds.

Lemma 4.3.9. Let ⇝ be a stable relation on terms. Then ⇝ = T × T if and only if
x⇝ y for some variables x ̸= y.

Lemma 4.3.10. If (⊒A,⊐A) and (⊒B,⊐B) are stable order pairs of with⊒A ⊊ T × T ,
then ⩾G′ and >G′ are transitive, and (⩾G′ ,>G′) is compatible.

Proof. We prove four properties simultaneously by induction on |s| + |t| + |u|:
for all terms s, t and u if s ⩾G′ t and t ⩾G′ u then s ⩾G′ u; if s ⩾G′ t and t >G′ u
then s >G′ u; if s >G′ t and t ⩾G′ u then s >G′ u; and if s >G′ t and t >G′ u
then s >G′ u. Here we only prove the first one since others can be proved in a
similar way. Let s ⩾G′ t and t ⩾G′ u. We distinguish how these are derived as
in Table 4.1. In all cases we have s ⊒A u or s ⊐A u which we may not mention
again.
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A. Suppose that s ⩾G′ t or t ⩾G′ u follows from case 1. Then we have s ⊐A u, so
s ⩾G′ u follows from case 1.

B. Suppose that s ⩾G′ t follows from case 2a. Then s = f (s1, . . . , sl) and si ⩾G′ t
for some i ∈ π( f ). By the induction hypothesis we have si ⩾G′ u, so s ⩾G′ u
follows from case 2a.

C. Suppose that s ⩾G′ t follows from case 2b and t ⩾G′ u follows from 2a. Then,
t = g(t1, . . . , tm) and there is some j ∈ π(g) such that s >G′ tj ⩾G′ u. By the
induction hypothesis and Lemma 4.3.8 we have s ⩾G′ u.

D. Suppose that both s ⩾G′ t and t ⩾G′ u follow from case 2b but at least one of
them follows from case 2b(i). Then, s ⊐B u = h(u1, . . . , um) and s ⩾G′ t >G′ uk
for all k ∈ π(h). So by the induction hypothesis, we have s ⩾G′ u by case
2b(i).

E. Suppose that both s ⩾G′ t and t ⩾G′ u follow from case 2b(ii). Then

s = f (s1, . . . , sl) ⊒B t = g(t1, . . . , tm) ⊒B u = h(u1, . . . , un)

and s ⩾G′ t >G′ uk for all k ∈ π(h). Moreover,

π( f )(s1, . . . , sl) ⩾
lex
G′ π(g)(t1, . . . , tm) ⩾lex

G′ π(h)(u1, . . . , un).

So we have s ⩾G′ u by case 2b(ii) with the induction hypothesis.

F. Suppose that s ⩾G′ t follows from case 2b and t ⩾ u from 2d. Since s ⊐B t or
s ⊒B t holds, it is not hard to see that s ⩾G′ u follows from case 2d.

G. Suppose that s ⩾G′ t follows from case 2c and t ⩾G′ u from 2b(i). If s = t then
s ⩾G′ u is trivial. So let t = g(t̄) ⊐B h(ū) = u and assume that for all f ∈ F
and variables x̄ it holds that f (x̄) ⊒B g(t̄). By substituting h and ū into f and
x̄ respectively, we obtain u ⊒B t ⊐B u, a contradiction.

H. Suppose that s ⩾G′ t follows from case 2c and t ⩾G′ u from 2b(ii). Then,
s ∈ V , t = g(t̄) ⊒B h(ū) = u, π(g) = [ ], and π(g)(t̄) ⩾lex

G′ π(h)(ū). So
π(h) = [ ] as well. Therefore s ⩾G′ u by case 2c.

I. Suppose that s ⩾G′ t follows from case 2c and t ⩾G′ u from 2d. Here we
have s ⊒A t ⊒A u and s, u ∈ V . If s ̸= u then by Lemma 4.3.9 we have a
contradiction to ⊒A ⊊ T × T . So s = u and we are done by case 2c.

J. Suppose that s ⩾G′ t follows from case 2d and t ⩾G′ u from 2c. Then s =
f (s̄) ⊒A t ⊒A h(u1, . . . , um) = u, the relation ⊐A is simple with respect to π,
and s ⊐B h(x̄) or s ⊒B h(x̄) and π(h) = [ ] for some variables x̄ not occurring
in s. In the former case when s ⊐B h(x̄), by substituting u1, . . . , um into x̄
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Table 4.1: Case distinction for the proof of Lemma 4.3.10.
1 2a 2b(i) 2b(ii) 2c 2d

1 A A A A A A
2a A B B B B B

2b(i) A C D D easy F
2b(ii) A C D E easy F

2c A easy G H easy I
2d A easy easy easy J easy

we obtain s ⊐B u and s >G′ uk for all k ∈ π(h) by the simplicity of ⊐A with
respect to π. So s ⩾G′ u by case 2b(i). In the latter case when s ⊒B h(x̄) and
π(h) = [ ], by substituting u1, . . . , um into x̄, we obtain s ⩾G′ u by case 2b(ii).

In the remaining cases, it is rather easy to obtain the claim or contradictions.

It is known that ⊒A ⊊ T × T is essential for transitivity, see [103].

Lemma 4.3.11. If ⊒A and ⊒B are reflexive and ⊒A is simple with respect to π, then

• t >G′ ti whenever i ∈ π( f ) and t = f (t1, . . . , tn), and

• t ⩾G′ t for all t (or ⩾G′ is reflexive).

Next we show stability via Lemma 4.3.11. For convenience, we introduce a no-
tation to denote modified substitutions. For a substitution σ, variables x1, . . . , xn
and terms t1, . . . , tn, the substitution σ[x1 7→ t1, . . . , xn 7→ tn] is defined by:

σ[x1 7→ t1, . . . , xn 7→ tn](z) =

{
ti if z = xi

σ(z) otherwise

Lemma 4.3.12. If (⊒A,⊐A) and (⊒B,⊐B) are stable order pairs, and ⊒A is simple
with respect to π, then (⩾G′ ,>G′) is stable.

Proof. It suffices to prove the following properties: for all terms s and t and
substitutions σ, if s ⩾G′ t then sσ ⩾G′ tσ, and if s >G′ t then sσ >G′ tσ. We
prove these simultaneously by induction on |s| + |t|. Here we only prove the
first property since the other can be proved in a similar way. To this end, we
analyze how s ⩾G′ t is derived.

1. If s ⩾G′ t follows from case 1, then sσ ⊐A tσ, so sσ ⩾G′ tσ from case 1.

2. If s ⩾G′ t follows from case 2, we have sσ ⊒A tσ.

a. Suppose that s ⩾G′ t follows from case 2a. By the induction hypothesis,
we obtain sσ ⩾G′ tσ again by case 2a.
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b. Suppose that s ⩾G′ t follows from case 2b. Whether it is case 2b(i) or 2b(ii),
with the induction hypothesis, we obtain sσ ⩾G′ tσ again by case 2b.

c. Suppose that s ⩾G′ t follows from case 2c. Let s ∈ V . If s = t then sσ ⩾G′ tσ
follows from Lemma 4.3.11. Otherwise, t = g(t1, . . . , tn), π(g) = [ ] and
f (x̄) ⊒B t for all f ∈ F and variables x̄. We further analyze whether
sσ ∈ V or not.

• Assume sσ ∈ V . We argue towards case 2c: For all functions f (m) and
variables x1, . . . , xm, we choose some variables y1, . . . , ym that do not
occur in t. We have f (y1, . . . , ym) ⊒B t by assumption, so by applying
σ[y1 7→ x1, . . . , ym 7→ xm] we obtain f (x1, . . . , xm) ⊒B tσ as desired.
The remaining conditions are easy to verify.

• Assume sσ = f (s1, . . . , sm). We argue towards case 2b(ii): Choos-
ing some variables y1, . . . , ym that do not occur in t, we apply σ[y1 7→
s1, . . . , ym 7→ sm] to f (y1, . . . , ym) ⊒B t. Then we obtain f (s1, . . . , sm) ⊒B
tσ. As π(g) = [ ] case 2b(ii) applies.

d. Suppose that s = f (s1, . . . , sm), t ∈ V , the relation ⊐A is simple with
respect to π, and for all g ∈ F and variables x̄, the relation s ⊐B g(x̄) or
s ⊒B g(x̄) and π(g) = [ ].

• Suppose tσ ∈ V . We argue towards case 2d: Then, for all f (n) ∈ F
and x1, . . . , xn, we choose some variables y1, . . . , yn that do not occur
in s. By assumption, we have s ⊐B g(y1, . . . , yn) or s ⊒B g(y1, . . . , yn)
and π(g) = [ ]. Applying σ[y1 7→ x1, . . . , yn 7→ xn] we obtain sσ ⊐B
g(x1, . . . , xn) or sσ ⊒B g(x1, . . . , xn) and π(g) = [ ] as desired.

• Suppose tσ = g(t1, . . . , tn). In this case we argue towards case 2b. We
choose some variables y1, . . . , yn that do not occur in s. By assumption,
we have s ⊐B g(y1, . . . , yn) or s ⊒B g(y1, . . . , yn) and π(g) = [ ]. In the
former case, by applying σ[y1 7→ ti, . . . , yn 7→ tn] we have sσ ⊐B tσ in
addition to sσ ⊒A tσ ⊐A tj for all j ∈ π(g). Since A is compatible, this
yields sσ >G′ tj for all j ∈ π(g) by case 1. So sσ ⩾G′ tσ by case 2b(i).
In the latter case when s ⊒B g(y1, . . . , yn) and π(g) = [ ], by applying
σ[y1 7→ ti, . . . , yn 7→ tn] we have sσ ⊒B tσ so sσ ⩾G′ tσ by case 2b(ii).

Note that in the last case the compatibility of A is used. The following example
show that this is essential.

Example 4.3.13. Consider the signature {a(0), b(0), f(1)}. Let (⊒B,⊐B) be the stable
order pair induced by the precedence a ≡ b ≻ f, and let π be the partial status defined by
π(f) = [1] and π(a) = π(b) = [ ]. We define ⊒A as T × T , and s ⊐A t as s = f(t).
The relations ⊒A and ⊐A are reflexive, transitive, stable, and simple with respect to π

but not compatible, as f(a) ⊐A a ⊒A b but f(a) ⊐A b does not hold. We can observe
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that ⩾G′ induced by π, A and B is not stable: a ⩾G′ x by case 2d, but instantiating x
with f(b) leads to a ⩾G′ f(b) which we do not have.

We can prove well-foundedness via Buchholz’s method using Lemma 4.3.10.

Lemma 4.3.14. Suppose that the signature is bounded, (⊒A,⊐A) and (⊒B,⊐B) are
well-founded stable order pairs, ⊒A is simple with respect to π, and ⊒A ⊊ T × T .
Then >G′ is well-founded.

Monotonicity is easy to prove with Lemma 4.3.11. Let (⩾MG′ ,>MG′) be the
monotone generalized weighted path order induced by a partial status π and
triples (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) of relations on terms.

Lemma 4.3.15. Suppose that ⩾A and ⩾B are monotone, ⊒A and ⊒B are reflexive and
harmonious to ⩾A and ⩾B, respectively, and ⊒A is simple with respect to π. Then
⩾MG′ is monotone. If in addition π is total, then >MG′ is also monotone.

Theorem 4.3.6 is now obtained by invoking these lemmas. Moreover, the prop-
erties (Propositions 4.1.14 to 4.1.16) required to use the usable rule technique and
lexicographic combination carry over to this refined version.

4.4 SPO as Reduction Pair — Refined Version

Theorem 4.3.6 is restricted to the case when (⊒A,⊐A) is non-trivial. This be-
comes a problem if we want to obtain the SPO version by plugging the trivial
reduction triple as in Section 4.2. This section is devoted to a way to avoid it.

We start with the refined version of the SPO corresponding to Definition 4.3.5
with A the trivial reduction triple.

Definition 4.4.1. Let π be a partial status and let (⊒,⊐) be a pair of relations on terms.
The semantic path order (⩾S′ ,>S′) induced by π and (⊒,⊐) is defined inductively
as follows: s ⩾S′ t if

1. s = f (s1, . . . , sm) and si ⩾S′ t for some i ∈ π( f ).

2. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >S′ tj for all j ∈ π(g), and

a. s ⊐ t or

b. s ⊒ t and π( f )(s1, . . . , sm) ⩾lex
S′ π(g)(t1, . . . , tn).

3. s ∈ V and either s = t or t = g(t̄), π(g) = [ ] and f (x̄) ⊒ t for all f ∈ F and
variables x̄.

4. s = f (s̄), t ∈ V , π is empty, and for all function symbols g and variables x̄, it holds
that s ⊐ g(x̄) or s ⊒ g(x̄).
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The relation >S′ is defined by cases 1, 2a and 2b where ⩾lex
S′ is replaced by >lex

S′ . Here
(⩾lex

S′ ,>lex
S′ ) is the lexicographic extension of (⩾S′ ,>S′). On top of these, for a partial

status π and a reduction triple (⩾,⊒,⊐) we define ⩾MS′ as ⩾S′ ∩ ⩾ and >MS′ as
>S′ ∩⩾.

If the empty relation ∅ is simple with respect to π, the status π must be empty.
So case 4 above precisely corresponds to case 2d in Definition 4.3.4.

Now, let us recall that ⩾MS′ may not be transitive, as spotted in [103]:

Example 4.4.2. Consider the signature {a(0)} and let (⩾,⊒,⊐) be the trivial reduction
triple. We have x ⩾MS′ a by case 3 and also a ⩾MS′ y by case 4, but x ⩾MS′ y does not
hold.

Actually, even in this case, (⩾MS′ ,>S′) forms a pseudo-reduction pair which
can be used with dependency pairs (Theorem 2.7.3). The main obstacle to prove
it is how to show that (⩾S′ ,>S′) is compatible. The idea is to avoid the patho-
logical interaction of case 3 and case 4 as in Example 4.4.2. Let (⩾S′ ,>S′) be
the SPO induced by a partial status π and a stable order pair (⊒,⊐). We define
(⩾S′′ ,>S′′) as follows: s ⩾S′′ t if s ⩾S′ t can be derived without using case 4, and
similarly, s >S′′ t if s >S′ t can be derived without using case 4.

Lemma 4.4.3. The pair (⩾S′′ ,>S′′) is an order pair.

Proof. This can be proven by replaying the proof of Lemma 4.1.8.

Observe that case 4 in Definition 4.4.1 is applicable only if π is empty, i.e.,
π( f ) = [ ] for all function symbols f . So, in the case when π is non-empty,
(⩾S′ ,>S′) is identical to (⩾S′′ ,>S′′) by definition, which enables Lemma 4.4.3.
The other case is handled by the following lemma.

Lemma 4.4.4. If π is empty, then (⩾S′ ,>S′) is compatible.

Proof. To show >S′ · ⩾S′ ⊆ >S′ , let s >S′ t ⩾S′ u. Since π is empty, s >S′ t is
equivalent to s = f (s̄) ⊐ g(t̄) = t. We analyze how t ⩾S′ u is derived:

1. If t ⩾S′ u follows from case 1, then it contradicts to the emptiness of π.

2. If t ⩾S′ u follows from case 2, then s >S′ u follows from case 2a.

3. If t ⩾S′ u follows from case 3, then it contradicts to t = g(t̄).

4. If t ⩾S′ u follows from case 4, for some fresh variables x̄ we have g(t̄) ⊐ f (x̄)
or g(t̄) ⊒ f (x̄). So by stability, we obtain g(t̄) ⊐ f (s̄) or g(t̄) ⊒ f (s̄), which
leads to a contradiction with f (s̄) ⊐ g(t̄).

To show ⩾S′ · >S′ ⊆ >S′ , let s ⩾S′ t >S′ u. Again, since π is empty, t >S′ u is
equivalent to t = g(t̄) ⊐ h(ū) = u. We analyze how s ⩾S′ t is derived:
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1. If s ⩾S′ t follows from case 1, then it contradicts to the emptiness of π.

2. If s ⩾S′ t follows from case 2, then s >S′ u follows from case 2a.

3. If s ⩾S′ t follows from case 3, then for some fresh variables x̄ we have h(x̄) ⊒
g(t̄), and by stability also h(ū) ⊒ g(t̄). This is a contradiction to g(t̄) ⊐ h(ū).

4. If s ⩾S′ t follows from case 4, then it contradicts to t = g(t̄).

Putting these together, we have shown the compatibility of (⩾S′ ,>S′). Also,
the other properties can be proven as in Section 4.3. In particular, well-founded-
ness is proven using only compatibility, see the proof of Lemma 4.1.11. So, we
obtain the following result.

Theorem 4.4.5. Suppose that the signature is bounded. Let π be a partial status and
(⩾,⊒,⊐) be a reduction triple. Then (⩾MS′ ,⩾S′) is a pseudo-reduction pair; if π is
non-empty, then (⩾MS′ ,⩾S′) is a reduction pair; and if in addition π is total, then
(⩾MS′ ,⩾MS′) is a monotone reduction pair.

What we have considered so far amounts to the missing case of Theorem 4.3.6,
namely when (⊒A,⊐A) is trivial. So, as a consequence, we obtain an improved
version of it.

Corollary 4.4.6. Suppose that the signature is bounded. Let π be a partial status, and
(⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) reduction triples such that ⊒A is simple with respect
to π. Then (⩾MG′ ,>G′) is a pseudo-reduction pair; if (⊒A,⊐A) is non-trivial or π

is non-empty, then (⩾MG′ ,>G′) is a reduction pair; and if in addition π is total, then
(⩾MG′ ,>MG′) is a monotone reduction pair.

From this, one can see that the non-triviality requirement of Theorem 4.3.2
can be dropped if pseudo-reduction pairs are enough.

We remark on the effect of having the refinements in terms of the simulation
result (presented in Section 3.2). Actually, with these refinements, the SPO and
the GWPO become incomparable, in the following sense: Suppose that (⊒A,⊐A)
and (⊒B,⊐B) are order pairs with ⊒A simple with respect to a partial status
π. Let (⩾G′ ,>G′) be the GWPO induced by π, A and B, and (⩾G′ ,>G′) the
SPO induced by π and the lexicographic combination (⊒AB,⊐AB). The same
example as Example 4.2.8 is enough to see that ⩾G′ ⊆ ⩾S′ and >G′ ⊆ >S′ may
not hold. Even worse, the analog of Lemma 4.2.5 fails.

Example 4.4.7. Let {f(1)} be the signature, A the reduction triple (⩾A,⩾A,>A) in-
duced by the algebra A on N with fA(x) = 1, B the reduction triple induced by the
precedence, and π(f) = [ ]. Now, we have f (x) ⊒AB f(y) for all x, y ∈ V . So
x ⩾S′ f(y) by case 3. On the other hand, x ⩾G′ f(y) does not hold as neither x >A f(y)
nor x ⩾A f(y) holds.
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4.5 Evaluation with Benchmark Problems

In order to evaluate the GWPO and SPO as reduction pairs, we implemented a
prototype termination tool based on the dependency pair method (Section 2.7).
The experimental design is detailed in what follows, while basically it parallels
that of Section 3.5 unless otherwise stated.

Construction of reduction pairs. The tool implements the following reduction
pairs.

W. WPO (Theorem 2.7.8) induced by a partial status π, a weakly π-simple
F -algebra A and a precedence

G. GWPO (⩾MG,>G) (Theorem 4.1.3) induced by a partial status π and reduc-
tion triples (⩾A,⩾A,>A) and (⩾B,⩾♯

B,>♯
B), where A is a weakly π-simple

F -algebra and B is an (F ∪F ♯)-algebra

S. MSPO (⩾MS,>S) (Corollary 4.2.3) induced by a partial status and the lex-
icographic combination of (⩾A,⩾♯

A,>♯
A) and (⩾B,⩾♯

B,>♯
B) for (F ∪ F ♯)-

algebras A and B

Here F is the signature of a given TRS and its dependency pairs, and A and
B are linear polynomial interpretations over N or max/plus interpretations. In
theory, for the same type of A and B, if a TRS is proven terminating by W, then
it is also shown by G. As we have seen in Section 4.2, S is incomparable with W

and G.

Implementation. Apart from the aforementioned reduction pairs, our proto-
type termination tool is based on the standard techniques in the dependency
pair method: recursive cycle analysis based on strongly connected components
of dependency graphs [3, 45, 54], and the usable rule technique (with tcap [46]
but without the refinement called usable rule w.r.t. argument filter [48]). As
discussed at the end of Section 4.1, CE -compatibility is guaranteed for free.

How to read the result table. Let us explain how to read the result table (Ta-
ble 4.2) with an example: method G whose A is a max/plus interpretation and
B is a linear polynomial interpretation over proved termination of 605 TRSs in
the problem set, and reached time-limit for 90 problems; and the total runtime
on the whole problem set was 155 minutes.
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Table 4.2: Experiments on 1528 TRSs from TPDB 11.5.

B is linear B is max/plus

A is linear
W: 486 (66 min, 29 TO)
G: 514 (90 min, 45 TO)
S: 514 (105 min, 51 TO)

W: -
G: 591 (185 min, 104 TO)
S: 595 (197 min, 107 TO)

A is max/plus
W: -
G: 605 (155 min, 90 TO)
S: 595 (211 min, 123 TO)

W: 540 (134 min, 76 TO)
G: 551 (216 min, 123 TO)
S: 547 (278 min, 177 TO)

Improvement over the original WPO. Overall, one obtains more termination
proofs by switching from the original WPO (W) to our methods. In particular,
combining different kinds of algebras is quite effective. This is not possible for
W. We note that not all systems proven terminating by W are shown by G, due to
time-limit. Although G and S solved the same number (514) of problems when
linear polynomials are used, they cover different sets of problems.

Comparison to state-of-the-art termination provers. Compared to state-of-
the-art termination provers, every problem solved by our tool is also solved
by AProVE or NaTT. So the author does not know if any new problem can be
solved by our methods.

Incorporating rule removal. It is natural to ask what happens if the rule re-
moval method [101] is used in the implementation. This is possible by using
(⩾MG,>MG) and (⩾MS,>MS) instead of (⩾MG,>G) and (⩾MS,>S), respectively,
in the construction of reduction pairs by Theorem 4.1.3 and Corollary 4.2.3. Un-
fortunately, we confirmed that, even so, each method solved zero or one more
problems in the problem set.

Using refined versions. We have not implemented the refined versions of the
GWPO and the SPO so far. However, we anticipate that the improvement is
negligible in practice. For reference, in our setting, the refined WPO (already
implemented in the prototype tool) solves fewer problems due to time-limit,
regardless of linear polynomial or max/plus.

4.6 Related Work

We conclude by discussing related work.
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Incorporating multiset extension. The path orders considered in this section
compare arguments only lexicographically. In fact, the WPO formalized in
Isabelle/HOL [95] extends Definition 4.3.1 so that it allows a choice between
multiset and lexicographic extensions for each symbol, incorporating the well-
known extension for the recursive path order. The author anticipates that the
same extension is also possible for the refined GWPO (Definition 4.3.4), because
the proofs presented in Sections 4.2 and 4.3 seem independent of lexicographic
extension.

Unifying the SPO and the interpretation method. Example 4.2.8 also reveals
that the SPO as reduction pair seems to hardly simulate the polynomial inter-
pretation, in contrast to the (G)WPO. Similarly, it is obscure if the completeness
result (Theorem 4.3.7) for non-trivial reduction pairs holds for the SPO. Inter-
estingly, Borralleras and Rubio (who are originators of the MSPO) and their
collaborators have investigated a different unification of the polynomial inter-
pretation and the recursive path order [21] which splits the signature into two
groups: the symbols in one are treated as in the polynomial interpretation, and
those in the other are treated as in the recursive path order. Although this idea
is quite different from that of the (G)WPO, it can be understood as a stepping
stone to extending the SPO in an alternative way.
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Chapter 5

Generalized Weighted Path Order as
Co-rewrite Pair

In this chapter, we discuss co-rewrite pair, a generalization of reduction pair for
non-reachability analysis of rewriting. It is known that the WPO can be regarded
as a device to construct co-rewrite pairs. As expected, the GWPO can be used
for the same purpose, and moreover it advances the capability of automated
non-reachability analysis.

5.1 Generalized Weighted Path Order as Rewrite Pair

There is a rewrite pair version of Theorem 2.7.8 for the WPO which is obtained
by dropping the well-foundedness assumptions.

Theorem 5.1.1 ([114, Proposition 1]). Let π be a partial status, ⪰ a precedence, and
A an algebra that is normal, weakly π-simple and weakly monotone. Then (⩾W,>W)
is a rewrite pair.

We illustrate a non-reachability proof by Proposition 2.8.3 with the theorem
above.

Example 5.1.2. Let R be the following TRS:

nth(0, cons(y, ys)) 1−→ y nth(s(x), cons(y, ys)) 2−→ nth(x, ys)

nths(nil, ys) 3−→ nil nths(cons(x, xs), ys) 4−→ cons(nth(x, ys), nths(xs, ys))

from(x) 5−→ cons(x, from(s(x)))

Here nth(n, xs) extracts the n-th element from a list xs, so for example

nths(cons(0, cons(s3(0), nil)), from(s(0)))→∗R cons(s(0), cons(s4(0), nil)).

We show that x↠ cons(y, x) is R-unsatisfiable. Let A be the algebra on Z⩽0 with

sA(x) = x− 1 nilA = 0A = −1 nthA(x, y) = 0
consA(x, y) = 0 fromA(x) = 0 nthsA(x, y) = 0
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and π the partial status with π(s) = [ ], π(nth) = [2] and π( f ) = [1, . . . , n] for
other function symbols f (n). Since A is weakly simple with respect to π, we know that
(⩾W,>W) induced by π, A and a precedence ⪰ with nths ≻ nth ≻ from ≻ cons

is a rewrite pair. Now, we have R ⊆ ⩾W. Interesting to verify is rule 5: we first
apply case 2b(i) with from ≻ cons; then the obligations to show are from(x) >W x
and from(x) >W from(s(x)); the former is done with case 2a; for the latter we apply
case 2b(ii), which demands to show x >W s(x); this is shown by case 1 as sA(x) =
x− 1. Moreover, for the reachability atom x↠ cons(y, x) we also have cons(y, x) >W x
as 2 ∈ π(cons). So by Proposition 2.8.3, we conclude that the reachability atom is
unsatisfiable.

As we expect, there is also a rewrite pair version of Theorem 4.1.3 for the
GWPO. Recall that the basic ingredients for the GWPO are reduction triples. In
the rewrite pair setting, rewrite triples play the central role: a triple (⩾,⊒,⊐)
of relations on terms is a rewrite triple if (⊒,⊐) is a stable order pair, ⩾ is
a rewrite preorder and ⊒ is harmonious to ⩾. In other words, rewrite triple is
reduction triple without well-foundedness. Consequently, every reduction triple
is a rewrite triple.

By using rewrite triples for Theorem 4.1.3 instead of reduction triples, we
obtain a rewrite pair instead of a reduction pair.

Theorem 5.1.3. Let π be a partial status, and (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) rewrite
triples. If ⊒A is simple with respect to π, then (⩾MG,>G) is a rewrite pair.

Theorem 5.1.1 is a special case obtained by instantiating A with an algebra
and B with a precedence.

To prove Theorem 5.1.3, we need an additional lemma for irreflexivity. To this
end, we follow the proof of [114, Lemma 3].

For a partial status π, we define Qπ as the least reflexive and transitive relation
on terms such that f (s1, . . . , sn) Qπ t if si Qπ t for some i ∈ π( f ). It is easy to see
that Qπ is a quasi-order on terms, and the strict part ▷π is the least transitive
relation such that f (s1, . . . , sn)▷π t if si Qπ t for some i ∈ π( f ). Obviously, Q
and ▷ extend Qπ and ▷π, respectively.

Let (⩾G,>G) be the GWPO induced by pairs (⊒A,⊐A) and (⊒B,⊐B) of rela-
tions on terms.

Lemma 5.1.4. If ⊒A is reflexive, transitive and simple with respect to π, then it holds
that Qπ ⊆ ⊒A.

Lemma 5.1.5. Suppose that (⊒A,⊐A) is an order pair with ⊒A simple with respect to
π. Then s Qπ t >G u implies s >G u for all terms s, t and u.

Proof. We perform induction on |s|, analyzing s Qπ t. If s = t then we are
done. So let s = f (s1, . . . , sn) and si Qπ t for some i ∈ π( f ). By the induction
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hypothesis and Lemma 4.1.7 we obtain si ⩾G u. We have si ⊐A u or si ⊒A u.
In the former case, s ⊒A si ⊐A u leads to s >G u by case 1. In the latter case,
s ⊒A si ⊒A u leads to s >G u by case 2a.

Lemma 5.1.6. If (⊒A,⊐A) is an order pair, ⊐B is irreflexive, and ⊒A is simple with
respect to π, then >G is irreflexive.

We follow the neat proof by nested induction due to [114, Lemma 3].

Proof. We prove that t >G t leads to contradiction for all terms t. We perform
induction on |t|, analyzing the derivation of t >G t. If t >G t follows from case
1 or 2b(i), we obtain a contradiction by assumption. If t >G t follows from case
2b(ii), we obtain a contradiction by the induction hypothesis. For the remaining
case 2a, let t = g(t1, . . . , tm). For refuting this case, it suffices to prove a more
general claim: t▷π s ⩾G t is contradictory for all terms s. We prove this sub-
lemma by induction on |s|, analyzing the derivation of s ⩾G t.

1. Suppose s ⊐A t. Then by Lemma 5.1.4 we have t ⊒A s ⊐A t, a contradiction.

2. Suppose s ⊒A t.

a. If s = f (s1, . . . , sm) and si ⩾G t for some i ∈ π( f ), then t▷π si ⩾G t, from
which we obtain a contradiction with the inner induction hypothesis.

b. If s = f (s1, . . . , sm) and s >G tj for all j ∈ π(g), then there is some j ∈ π(g)
such that tj Qπ s >G tj. By Lemma 5.1.5 we obtain tj >G tj, from which we
obtain a contradiction with the outer induction hypothesis.

c. If s = t we obtain a contradiction from t▷π s.

The lemma above and those proven in Section 4.1 are sufficient for proving
Theorem 5.1.3. We obtain a rewrite pair theorem for the MSPO as a corollary of
Theorem 5.1.3.

Corollary 5.1.7. Let π be a partial status, and (⩾,⊒,⊐) a rewrite triple. Then
(⩾MS,>S) is a rewrite pair.

Proof. The pair (⩾MS,>S) is identical to (⩾MG,>G) induced from the reduction
triple (T × T , T × T ,∅) and (⩾,⊒,⊐). So Theorem 5.1.3 applies.

The simulation result in Section 4.2 carries over to this setting, because it does
not rely on well-foundedness. We also remark that the SPO cannot simulate the
GWPO by any construction, see Example 4.2.10.

There are rewrite pair versions of Proposition 2.5.14 and Proposition 2.5.15.

Proposition 5.1.8. Let F be the signature. For a weakly monotone (F ∪ F ♯)-algebra
A, the triple (⩾A,⩾♯

A,>♯
A) is a rewrite triple on T (F ,V).
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Proposition 5.1.9. Let (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) be rewrite triples. Then
(⩾A ∩ ⩾B,⊒AB,⊐AB) is also a rewrite triple.

We illustrate Corollary 5.1.7 and Proposition 5.1.9 with an example. As dis-
cussed in Chapter 4, the SPO (Corollary 5.1.7) allows us to bypass the weak
simplicity requirement.

Example 5.1.10. Now, we show that x ↠ s(x) is unsatisfiable with respect to R of
Example 5.1.2. Let A be the algebra on Z⩽0 whose interpretations are given by

s
(♯)
A (x) = x− 1 nil

(♯)
A = 0

(♯)
A = 0 nthA(x, y) = 0 nth♯A(x, y) = −1

cons
(♯)
A (x, y) = y− 1 from

(♯)
A (x) = x nthsA(x, y) = x nths♯A(x, y) = 0

and π the partial status with π(nth) = [2] and π( f ) = [1, . . . , n] for other function
symbols f (n). Consider the rewrite pair (⩾MS,>S) induced by π and the rewrite triple
(⩾A,⩾♯

A,>♯
A). Then we have R ⊆ ⩾MS. Interesting are rules 4 and 5. To see

nths(cons(x, xs), ys) ⩾MS cons(nth(x, ys), nths(xs, ys)) for rule 4, verifying

xs−1︷ ︸︸ ︷
nths(cons(x, xs), ys) ⩾A

xs−1︷ ︸︸ ︷
cons(nth(x, ys), nths(xs, ys))

0︷ ︸︸ ︷
nths♯(cons(x, xs), ys) >A

xs−1︷ ︸︸ ︷
cons♯(nth(x, ys), nths(xs, ys)),

−1︷ ︸︸ ︷
nth♯(x, ys)

we finally compare nths(cons(x, xs), ys) >S nths(xs, ys), which is done by case 2b. Rule
5 is handled easily with cons

(♯)
A (x, y) = y− 1 and s

(♯)
A (x) = x − 1. Moreover, for the

atom x ↠ s(x) we also have s(x) >S x as 1 ∈ π(s). So by Proposition 2.8.3, we
conclude that the reachability atom is unsatisfiable. This proof does not go through if we
use the WPO instead, because the first argument of sA(x) = x− 1 is not weakly simple
while 1 ∈ π(s).

We remark that any of the automatic tools from the 2024 and 2025 editions
of the Confluence Competition (which has a dedicated category for a variant of
the reachability problem) [51, 52] could not prove the unsatisfiability of Exam-
ple 5.1.10.

Finally, we conclude a rewrite pair version of Corollary 4.4.6.

Corollary 5.1.11. Let π be a partial status, and (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B)
rewrite triples with ⊒A simple with respect to π. If (⊒A,⊐A) is non-trivial or π is
non-empty, then (⩾MG′ ,>G′) is a rewrite pair.

Proof. We have proved everything except for irreflexivity of >G′ , which can be
proven in the same way as Lemma 5.1.6.

So, we could use the refined version for constructing rewrite pairs.
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5.2 Generalizing Co-weighted Path Order

It is known that the WPO as rewrite pair is further refined to the co-weighted path
order so as to enjoy the generality of co-rewrite pair [114]. The aim of this section
is to demonstrate that this result is also obtained as a corollary of a more general
theorem about GWPO.

Following Yamada [114], we first introduce a dual of order pairs induced
by algebras. Let A be an algebra endowed with an order pair (⩾,>). We
write s ⩾A t if [α](s) ̸< [α](t) for all assignments α, and similarly, s >A t if
[α](s) ⩽̸ [α](t) for all assignments α1. The notations might look odd, but we
note that if (⩾,>) is total and normal then ⩾ equals >∪= and therefore ( ̸<,⩽̸)
is identical to (⩾,>). So, in this case (⩾A,>A) is identical to (⩾A,>A). An
algebra on N ordered as usual are such an example. We note that these relations
are different from the complements of ⩾A and >A. For example, neither x ⩾A y
nor x ⩾A y holds for an algebra A on N.

Definition 5.2.1. Let π be a partial status, A an algebra endowed with an order pair
(⩾,>), and ⪰ a precedence.2 The co-weighted path order (co-WPO) (⩾W,>W) is
the pair of relations on terms defined simultaneously as follows: s ⩾W t if

1. s >A t, or

2. s ⩾A t and one of the following conditions holds:

a. s = f (s1, . . . , sm) and si ⩾W t for some i ∈ π( f ).

b. s = f (s1, . . . , sm), t = g(t1, . . . , tn), s >W tj for all j ∈ π(g), and

i. f ⪯̸ g or

ii. f ⊀ g and π( f )(s1, . . . , sm) ⩾lex
W

π(g)(t1, . . . , tn).

c. s ∈ V and s = t

The relation >W is defined by cases 1, 2a and 2b where ⩾lex
W

is replaced by >lex
W

. Here
(⩾lex

W
,>lex

W
) is the lexicographic extension of (⩾W,>W).

Theorem 5.2.2 ([114, Proposition 2]). Let π be a partial status, ⪰ a precedence, and
A an algebra that is normal, weakly π-simple and weakly monotone. Then (⩾W,>W)
is a co-rewrite pair.

A nice example to facilitate understanding is [114, Example 7], which tells us
that the greater relations need not be the more profitable as negation is involved.

1In the original presentation [114], these are written as A ⊨ s ̸< t and A ⊨ s ̸⩽ t, respectively.
2We could consider precedence as order pair [114].
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Example 5.2.3. Let R = {a→ b⇐ b↠ a}. To prove that a↠ b is unsatisfiable, we
use (⩾W,>W) induced by the trivial algebra and the identity precedence ⪰. Since a and
b are incomparable with respect to ⪰, we have a ⪯̸ b ⪯̸ a and thereby a >W b >W a.
So with Theorem 5.2.2 we conclude that a↠ b is unsatisfiable.

The key behind this theorem is co-compatibility. Formally, pairs (⊒A,⊐A) and
(⊒B,⊐B) of relations are co-compatible if both ⊒A ∩ ⊏B = ∅ and ⊒B ∩ ⊏A = ∅
hold. By definition, every order pair is co-compatible with itself ([114, Proposi-
tion 3]).

To prove a GWPO version of Theorem 5.2.2, we need a co-compatibility lemma
analogous to [114, Lemma 6]. Let π be a partial status, and let (⊒A,⊐A) and
(⊒B,⊐B) be normal order pairs such that ⊒A is simple with respect to a partial
status π. In addition, let (⊒A,⊐A) and (⊒B,⊐B) be pairs of relations on terms.
Then we consider (⩾G,>G) induced by π, A and B and (⩾G,>G) induced by π,
A and B.

Lemma 5.2.4. If (⊒A,⊐A) and (⊒A,⊐A) as well as (⊒B,⊐B) and (⊒B,⊐B) are co-
compatible, so are (⩾G,>G) and (⩾G,>G).

Proof. We prove that for all terms s and t, neither s ⩾G t >G s nor t >G s ⩾G t
holds. This is done by proving these two claims simultaneously by induction on
|s|+ |t|. For the first claim that s ⩾G t >G s does not hold, we do case distinction
as in Table 5.1.

I. If s ⩾G t or t >G s follows from case 1, then we obtain a contradiction from
the co-compatibility of A and A, using the normality of A if necessary.

II. If t >G s follows from case 2a, then t = g(t1, . . . , tn) and tj ⩾G s for some
j ∈ π(g). By Lemma 4.1.9 we have t >G tj, and then by Lemma 4.1.8
we obtain s >G tj. Now we apply the induction hypothesis to obtain a
contradiction.

III. If s ⩾G t follows from case 2a and t >G s from case 2b, then s = f (s1, . . . , sm)
and si ⩾G t >G si for some i ∈ π( f ), which is contradictory by the induction
hypothesis.

IV. If both s ⩾G t and t >G s follows from case 2b but one of them from
case 2b(i), then we obtain a contradiction from the co-compatibility of B
and B, using the normality of B if necessary.

V. If both s ⩾G t and t >G s follows from case 2b(ii), we appeal to the in-
duction hypothesis with the fact that lexicographic extension preserves co-
compatibility [114, Lemma 5].

VI. The remaining cases demand s = t ∈ V and t /∈ V , which is impossible.
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Table 5.1: Case distinction for the proof of Lemma 5.2.4.
1 2a 2b(i) 2b(ii)

1 I I I I
2a I II III III

2b(i) I II IV IV
2b(ii) I II IV V

2c I II VI VI

The other claim is shown in a similar fashion.

For the lemma above it is assumed that A and B are both normal. The fol-
lowing example shows that this assumption is essential: Let the signature be
{a(0), b(0)}. We define s ⊒A t and s ⊒A t as s = t. Furthermore, we define s ⊐A t
as s = a and t = b, and s ⊐A t as s = b and t = a. Let B and B be (T × T ,∅).
These order pairs satisfy all the assumptions except for the normality of A. The
co-compatibility does not hold as a ⩾G b >G a by case 1. Similarly, by swapping
the orders (i.e., using B, B, A and A as A, A, B and B) we can show that the
normality of B is essential.

Now, we introduce the notion of co-rewrite quintuple which underpins our co-
rewrite pair theorem: A quintuple (⩾A,⊒A,⊐A,⊒A,⊐A) is a co-rewrite quin-
tuple if (⩾A,⊒A,⊐A) is a rewrite triple, (⊒A,⊐A) is stable, ⊒A is reflexive,
⊐A ⊆ ⊒A and finally, (⊒A,⊐A) and (⊒A,⊐A) are co-compatible. The co-rewrite
quintuple is simple with respect to a partial status π if ⊒A and ⊒A are simple with
respect to π.

Theorem 5.2.5. Let (⩾A,⊒A,⊐A,⊒A,⊐A) and (⩾B,⊒B,⊐B,⊒B,⊐B) be co-rewrite
quintuples such that the quintuple A is simple w.r.t. a partial status π. Then (⩾MG,>G)
is a co-rewrite pair, where ⩾MG is induced by π, (⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B), and
>G is by π, (⊒A,⊐A) and (⊒B,⊐B).

Proof. That ⩾MG is a rewrite preorder follows from lemmas from Section 4.1.
It follows that ⩾MG ∩ <G = ∅ from Lemma 5.2.4. Finally, the stability of >G

follows from Lemma 4.1.10.

Like Corollary 5.1.11, we can incorporate the refined GWPO (Section 4.3) into
the theorem above. A tricky thing here is that, we construct ⩾ via the refined
GWPO but > without the refinements for constructing a co-rewrite pair (⩾,>).
The reason to do so is explained later.

Toward the goal, we prove a variant of Lemma 5.2.4: Let π be a partial status,
and let (⊒A,⊐A) and (⊒B,⊐B) be normal order pairs such that ⊒A is simple
with respect to a partial status π. In addition, let (⊒A,⊐A) and (⊒B,⊐B) be
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pairs of relations on terms. Then we consider (⩾G′ ,>G′) induced by π, A and B
and (⩾G,>G) induced by π, A and B.

Lemma 5.2.6. If (⊒A,⊐A) and (⊒A,⊐A) as well as (⊒B,⊐B) and (⊒B,⊐B) are co-
compatible, so are (⩾G′ ,>G′) and (⩾G,>G).

Proof. Following the proof of Lemma 5.2.4, by induction on |s| + |t| we prove
that for all terms s and t, neither s ⩾G′ t >G s nor t >G′ s ⩾G t holds. In addition
to the case analysis of Table 5.1, it suffices to consider the following cases.

• Suppose that s ⩾G′ t by case 2c and s ̸= t. So s ∈ V , and t = g(t̄) with
s ⊒A t and π(g) = [ ]. If t >G s by case 1, we obtain a contradiction
from the co-compatibility of A and A; if t >G s by case 2a, we obtain a
contradiction from π(g) = [ ]; and finally, if t >G s by case 2b, we obtain a
contradiction from s ∈ V .

• Suppose that s ⩾G′ t by case 2d. So s = f (s̄) ⊒A t ∈ V . Then t >G s
must follow from case 1. In this case, we obtain a contradiction from the
co-compatibility of A and A.

We note that the case corresponding to case II of Table 5.1 can be handled by
Lemma 4.3.11 and the compatibility of (⩾G′ ,>G′) (cf. Corollary 4.4.6).

Theorem 5.2.7. Let (⩾A,⊒A,⊐A,⊒A,⊐A) and (⩾B,⊒B,⊐B,⊒B,⊐B) be co-rewrite
quintuples such that the quintuple A is simple w.r.t. a partial status π. If ⊒A ⊊ T × T
or π is non-empty, then (⩾MG′ ,>G) is a co-rewrite pair. Here, ⩾MG′ is induced by π,
(⩾A,⊒A,⊐A) and (⩾B,⊒B,⊐B) via Definition 4.3.4, and >G is by π, (⊒A,⊐A) and
(⊒B,⊐B) via Definition 4.1.1.

Proof. That ⩾MG′ is a rewrite preorder can be seen from Corollary 5.1.11, and the
stability of >G is shown by Lemma 4.1.10. Finally, ⩾MG′ ∩<G = ∅ is shown by
Lemma 5.2.6.

Note that Lemma 4.3.12 (the stability lemma for the refined GWPO) demands
order-pairedness in contrast to Lemma 4.1.10 (that for the GWPO without the
refinements). Moreover, in the theorem, (⊒A,⊐A) and (⊒B,⊐B) need not be
order pairs. This is why we use both versions of GWPO together.

The techniques to construct rewrite triples carriers over to co-rewrite quintu-
ples. First of all, rewrite triples can be turned into co-rewrite quintuples.

Proposition 5.2.8. The quintuple (⩾A,⊒A,⊐A,⊒A,⊐A) is a co-rewrite quintuple if
(⩾A,⊒A,⊐A) is a rewrite triple with ⊐A ⊆ ⊒A.

So, the version of Theorem 5.1.3 with ⊐A ⊆ ⊒A and ⊐B ⊆ ⊒B is obtained by
Theorem 5.2.5 and Proposition 5.2.8. Since Lemma 5.2.4 demands the normality
assumptions, we have proven the theorems separately.

A trivial co-rewrite quintuple similar to Proposition 2.5.16 can be considered.
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Proposition 5.2.9. The quintuple (T × T , T × T ,∅, T × T ,∅) is a co-rewrite quin-
tuple.

As one can expect, we obtain a co-rewrite pair version of the SPO by using the
trivial co-rewrite quintuple.

Corollary 5.2.10. Let (⩾A,⊒A,⊐A,⊒A,⊐A) be a co-rewrite quintuple and π a partial
status. Then (⩾MS,>S) is a co-rewrite pair. Here, (⩾MS,>MS) is induced by π and
(⩾A,⊒A,⊐A), and (⩾S,>S) is by π and (⊒A,⊐A).

We continue to transfer more results from the previous section. Not sur-
prisingly, precedence is a simple but convenient way of constructing co-rewrite
quintuples.

Proposition 5.2.11. Let ⪰ be a precedence. Define (⊒P,⊐P) as in Proposition 2.5.11,
s ⊒P t by s = t or s = f (s̄), t = g(t̄) and f ̸≺ g, and s ⊐P t by s = f (s̄), t = g(t̄)
and f ̸⪯ g. Then (T × T ,⊒P,⊐P,⊒P,⊐P) is a co-rewrite quintuple.

It is instructive to examine Example 5.2.3 again with our techniques: To prove
that a↠ b is unsatisfiable again, we use (⩾MS,>S) (Corollary 5.2.10) induced by
the identity precedence ⪰ (Proposition 5.2.11). Since a and b are incomparable
with respect to ⪰, we have a ⊐P b ⊐P a and thereby a >S b >S a. So with
Proposition 2.8.3 we conclude that a ↠ b is unsatisfiable. Here, it is essential
that a and b are incomparable with respect to ⪰. Putting it differently, although
the SPO is incremental, the construction of Proposition 5.2.11 is not incremental
since ⪰ is used in the negated forms.

The next is a construction based on algebra.

Proposition 5.2.12. If A is a weakly monotone and normal algebra, the quintuple
(⩾A,⩾A,>A,⩾A,>A) is a co-rewrite quintuple. Moreover, if A is weakly simple
w.r.t. a partial status π then the co-rewrite quintuple is simple w.r.t. π.

Proof. This is straightforward. The simplicity claim owes to [114, Lemma 5].

Now, the co-WPO theorem (Theorem 5.2.2) is a special case of Theorem 5.2.5
where A is constructed by Proposition 5.2.12 and B is by Proposition 5.2.11.
Moreover, as Proposition 5.1.8 does, we can incorporate marking of root function
symbols into Proposition 5.2.12: Let F be the signature, and A an (F ∪ F ♯)-
algebra. We define s ⩾♯

A t on T (F ,V) by s = t or s = f (s̄), t = g(t̄) and

f ♯(s̄) ⩾A g♯(t̄). Similarly, we define s >♯

A t on T (F ,V) by s = f (s̄), t = g(t̄) and
f ♯(s̄) >A g♯(t̄).

Proposition 5.2.13. The quintuple (⩾A,⩾♯
A,>♯

A,⩾♯

A,>♯

A) is a co-rewrite quintuple

if A is normal and weakly monotone.
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If A is normal and total, then (⩾♯

A,>♯

A) degenerates to (⩾♯
A,>♯

A). The same
goes for Proposition 5.2.12.

Similarly, as Proposition 5.1.9 does, lexicographic combination is also useful.

Proposition 5.2.14. Suppose that (⩾A,⊒A,⊐A,⊒A,⊐A) and (⩾B,⊒B,⊐B,⊒B,⊐B)
are co-rewrite quintuples. Then (⩾A ∩ ⩾B,⊒AB,⊐AB,⊒AB,⊐AB) is also a co-rewrite
quintuple.

Proof. To prove that ⊒AB ∩⊏AB is empty, let s ⊒AB t and t ⊐AB s. If s ⊐A t
or s ⊐A t holds we obtain a contradiction by co-compatibility and ⊐A ⊆ ⊒A.
Otherwise, we use co-compatibility of B. The other claims are readily proven.

Every co-rewrite pair can be turned into a co-rewrite quintuple.

Proposition 5.2.15. If (⩾,>) is a co-rewrite pair, then (⩾,⩾,∅, T × T ,>) is a co-
rewrite quintuple.

A co-rewrite pair (⩾,>) is trivial if ⩾ = T × T . Such a co-rewrite pair is
useless for Proposition 2.8.3, because > = ∅ follows from ⩾ ∩< = ∅. In fact,
Proposition 5.2.15 allows us to simulate every non-trivial co-rewrite pair by a
GWPO, with the help of Theorem 5.2.7. This is an analog of Theorem 4.3.7 for
co-rewrite pair.

Theorem 5.2.16. Let (⩾,>) be a non-trivial co-rewrite pair. Then there are a partial
status π and co-rewrite quintuples A and B with ⊒A ⊊ T × T and A simple w.r.t. π

such that (⩾MG′ ,>G) constructed as in Theorem 5.2.7 is identical to (⩾,>).

Proof. Let π be the empty status, and let A be (⩾,⩾,∅, T × T ,>) and B the triv-
ial co-rewrite quintuple. By an argument similar to that used for Theorem 4.3.7,
we can show that ⩾MG′ is identical to ⩾. Moreover, >G is induced by the empty
status π, and the pairs (T × T ,>) and (T × T ,∅). So, only case 1 is applicable
and therefore >G is identical to >.

We note that the key construction (Proposition 5.2.15) in the proof utilizes the
generality of co-rewrite quintuple, and the algebra-based formulation of the co-
WPO is insufficient to accommodate it. In other words, Proposition 5.2.15 cannot
be substituted by Proposition 5.2.12 which underlies the co-WPO, because it
is restricted to a single algebra endowed with an order pair (⩾,>) and the
negations ( ̸<,⩽̸).

5.3 Evaluation with Benchmark Problems

This section is devoted to experimental evaluation of our results with a proto-
type implementation. We first describe the design of the experiment, and then
discuss the results.
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Construction of co-rewrite pairs. The tool implements the following three
kinds of co-rewrite pairs.

W. WPO (Theorem 5.1.1) induced by an F -algebra A and a precedence

G. GWPO (⩾MG,>G) (Theorem 5.1.3) induced by a partial status π and triples
(⩾A,⩾A,>A) and (⩾B,⩾♯

B,>♯
B), where A is a weakly π-simple F -algebra

and B is an (F ∪F ♯)-algebra

S. MSPO (⩾MS,>S) (Corollary 5.1.7) induced by a partial status and the lex-
icographic combination of (⩾A,⩾♯

A,>♯
A) and (⩾B,⩾♯

B,>♯
B) for (F ∪ F ♯)-

algebras A and B

Here F is the signature of a given TRS, and A and B are linear polynomial
interpretations over N or Z⩽0. In theory, for the same type of A and B, if a
reachability problem is proven unsatisfiable by the WPO, then it is also shown
by the GWPO. In contrast, S is incomparable with W and G in theory. Although
for G and S we could use the co-rewrite pair theorems (Theorem 5.2.5 and Corol-
lary 5.2.10) instead of Theorem 5.1.3 and Corollary 5.1.7, in our simple setting it
makes no difference as we only use total and normal algebras here.3

Implementation. Our prototype tool works as follows: Given a conditional
TRS R and reachability atoms ϕ, we apply Proposition 2.8.2 to obtain a single
reachability atom s ↠ t. Then, the tool searches a co-rewrite pair (⩾,>) that
witnesses R-unsatisfiability of s ↠ t (Proposition 2.8.3) within the designated
class (W, G or S) of co-rewrite pairs. As in Section 3.5, for linear polynomial inter-
pretation (whether over N or Z⩽0) the coefficient of each monomial is restricted
to 0 or 1. On top of these, following the automation techniques of KBO [119] and
WPO [117], the search is done by encoding the constraints into linear arithmetic
expressions and then calling the SMT solver Z3 [31]. The experiment was run
on a machine equipped with an Intel Core i7-11850H CPU (8 cores, 16 threads,
2.50–4.80 GHz) and 16 GB RAM.

Problem set. Our experiment used 146 reachability problems in the ARI-COPS
database [2]. For reference, among those, the 2025 version of infChecker [50]
(winning in the Confluence Competition since 2019) proved unsatisfiability of 64
problems, and satisfiability of 43. The 2024 version of NaTT (which implements
various co-rewrite pairs [114]) proved unsatisfiability of 41 problems.

3It is future work to test non-total algebras such as the matrix interpretation [37].
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Table 5.2: Experiments on 146 Reachability Problems from ARI-COPS.

B on N B on Z⩽0

A on N

W: 27 (6 min)
G: 29 (6 min)
S: 29 (5 min)

W: -
G: 29 (5 min)
S: 29 (5 min)

A on Z⩽0

W: -
G: 30 (5 min)
S: 29 (5 min)

W: 26 (6 min)
G: 31 (7 min)
S: 30 (6 min)

How to read the table. Table 5.2 indicates the numbers of problems proven
unsatisfiable (with the total runtime) by the aforementioned methods. In this
setting, our tool did not exceed the time-limit. So, as in theory, every problem
solved by W was solved by the corresponding G.

Improvement over the WPO as rewrite pair. Table 5.2 shows that a handful
of problems can be additionally solved by switching to the GWPO or SPO from
the original WPO. In our setting, using G with interpretations on Z⩽0 for both
A and B solves the largest number of problems. This forms a contrast to the
results in Sections 3.5 and 4.5, where using different kinds of interpretations for
A and B works better.

Improvement over state-of-the-art tools. There are two problems that were
solved by our prototype tool but not by any of infChecker and NaTT: Problem
16274 (Example 5.1.2) was solved by W, G and S, and Problem 1628 (Exam-
ple 5.1.10) was by G and S, by using linear polynomial interpretation over Z⩽0.
We note that these problems are added to the database by the author.

Improvement over the co-WPO. Although G with linear polynomial interpre-
tations over N solves 29 problems, precisely the same set of problems is solved
if we instead use Theorem 5.2.2 (with precedence as order pair). On the other
hand, if we use interpretations on Z⩽0, the co-WPO solves 28 problems which
are a proper subset of those solved by G.

5.4 Related Work

Discrimination pair due to Aoto is another generalization of rewrite pair which
is useful to prove non-joinability (and thereby non-confluence of TRSs) [1]. For-
mally, a pair (⩾,>) of relations on terms is a discrimination pair if ⩾ is a rewrite

4The number is the problem ID number in ARI-COPS.
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relation, > is irreflexive and ⩾ · > ⊆ >. So, since every rewrite pair is a discrim-
ination pair by definition, the techniques developed in Section 5.1 are useful for
non-joinability proving. An interesting line of future work is to refine our tech-
nique to fully enjoy the generality of discrimination pairs (⩾,>), which does
not demand stability of >.

So far we have compared our GWPO with other methods for reachability (or
feasibility) analysis only using existing implementations as black boxes. More
detailed comparison with general frameworks [50, 94] and techniques based on
tree automata [38, 39, 77] and logical models [74] is left as future work.

97





Chapter 6

Conclusion

We conclude by adding about related and future work.

Completion procedures. Central in equational reasoning is the word problem
which asks, given an equational theory E and an equation s ≈ t, whether s↔∗E t
or not. The Knuth–Bendix completion [63] is a procedure to transform an equa-
tional theory E into a complete (terminating and confluent) TRS R with conver-
sion equivalence ↔∗E = ↔∗R (i.e., equivalence regarding the word problem). If
the procedure is successful, the resulting TRS provides a decision procedure for
the word problem of E . A difficulty is that the completion procedure takes a
reduction order as an additional parameter, which ensures the termination of R
during the transformation. A challenging example is the theory of group with
two commuting endomorphisms

(x + y) + z = x + (y + z) f(x + y) = f(x) + f(y)
(−x) + x = 0 g(x + y) = g(x) + g(y)

0+ x = x f(x) + g(y) = g(y) + f(x)

one of whose complete and conversion-equivalent TRSs is the twenty rules in
Example 3.1.6 [96]. Running the Knuth–Bendix completion with a KBO or LPO
is doomed to fail as the rule f(x)+ g(y) = g(y)+ f(x) cannot be oriented. So this
kind of challenging completion tasks have been done by variants of completion
procedures which leverage automatic termination provers for TRSs instead of
reduction orders [107, 112]. An alternative solution suggested by Hirokawa [53]
is to use stronger reduction orders such as monotonic semantic path orders in
combination with maximal completion [62]. The results developed in Chapter 3
should shine with this approach (see Example 3.1.6).

Ordered completion and superposition calculus. Ordered completion [10] is
an extension of the Knuth–Bendix completion to a semi-decision procedure for
the word problem, meaning that s ↔∗E t is eventually shown if it indeed holds.
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Moreover, the method has been extended to superposition calculus [9], a semi-
decision procedure for the validity problem in first-order logic. As the Knuth–
Bendix completion does, both of the methods take a reduction order as an addi-
tional parameter. This parameter plays a crucial role in both theory and practice.
On the theory side, the semi-decidability relies on ground-totality of the order.
On the practical side, the order prunes the search space and therefore deter-
mines if the procedure succeeds in a reasonable amount of time. As discussed
in Section 3.3, the generalized weighted path order can be used to construct an
exotic yet ground-total reduction order which orients the combinator equation
((S · x) · y) · z ≈ (x · z) · (y · z) from right to left. This forms a sharp contrast to
Bhayat and Reger’s order [17] which orients it from left to right. As they remark,
combinators are used for leveraging first-order theorem provers in proof assis-
tants [19]. We therefore anticipate that our order also contributes to efficiency in
such a setting.

Dependency pair method. The aim of Chapter 4 was to develop a general-
ization of the weighted path order and semantic path order as reduction pairs
within the dependency pair method. On the other hand, Borralleras showed out
that the monotonic semantic path order can simulate a basic version of the de-
pendency pair method ([22, Section 4.4.2]), and also the dependency graph tech-
niques ([22, Chapter 7]). It is worth investigating if our generalized weighted
path order gives more insight.

Reduction pairs and reduction triples. Reduction pairs serve as decreasing
measures for the dependency pair method, whereas reduction triples are bet-
ter suited to the theory of monotonic semantic path orders and generalized
weighted path orders. It is interesting to ask whether ideas from one setting
can be carried over to the other. For example, we have already confirmed that
the lexicographic combination technique [88] for reduction pairs is also useful to
construct more sophisticated reduction triples. In fact, the monotonic semantic
path order with this technique yields a reduction order which allows completion
of another challenging completion task, namely the proof reduction system due
to Wehrman and Stump ([106, Appendix A]).

Semantic labeling. Another popular method for proving termination is Zan-
tema’s semantic labeling [121]. Geser observed that the semantic path order cor-
responds to semantic labeling applied with the recursive path order [43]. Then,
it is natural to ask what is the counter-part of the generalized weighted path
order in semantic labeling. We anticipate that, for example, semantic labeling
applied with the Knuth–Bendix order (as in [53]) can be simulated by the gener-
alized weighted path order. Another interesting line of research is investigation
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of the methods ([85, Section 5.5.2] and [99, Chapter 7]) to use semantic labeling
within the dependency pair method. It is worth investigating the relationship
between their methods and the generalized weighted path order (or semantic
path order).

Completeness results. The refined version of the GWPO is capable of simulat-
ing every non-trivial reduction pair (Theorem 4.3.7), and also every non-trivial
co-rewrite pair (Theorem 5.2.16). These results can be situated as analogs to the
completeness of the MSPO (as reduction order) for termination: Given a ter-
minating TRS R, there is a reduction triple such that the induced MSPO >MS

satisfies R ⊆ >MS [26].

Formalization in proof assistants. The WPO has been formalized [103] in the
proof assistant Isabelle/HOL [83], and thanks to this, one can verify the correct-
ness of a termination proof with the WPO by means of the certifier CeTA which is
extracted from the formalization library IsaFoR [100]. The WPO helps to keep
a formalization library succinct yet versatile, since the single method covers
many other techniques such as the KBO and the LPO. The same can be said
for the GWPO, as we have seen in the thesis. So far, the author has formalized
only a small part of the results about the MSPO (Theorem 2.5.10 and particular
constructions of reduction triples). Formalizing the remaining results will re-
quire substantial engineering effort, because it inherently demands adjustments
to interfaces shared among IsaFoR: Although there is already an interface for
reduction triples (which is used for the MSPO formalization), adapting exist-
ing orders to reduction triples is yet to be done. If one aims to formalize the
co-rewrite pairs (such as Theorem 5.2.7) too, the first task will be to design an
interface for co-rewrite quintuples.

Extension to other rewriting formalisms. While we have only considered re-
writing with terms in the most basic form (called first-order terms), there are
advanced formalisms that are built on richer languages. Among others, higher-
order rewriting considers extensions of the λ-calculus which allow variable bind-
ing in terms, see [97, Chapter 11] for an overview. We anticipate that our tech-
niques can be incorporated into the MSPO [23] for higher-order rewriting. Sim-
ilarly, as remarked in Section 3.6, we believe that further investigation of the
semantic path order for rewriting modulo AC [24, 84] is a fruitful line of future
work.

Ordering constraint solving. The ordering constraint solving problem [27, 29,
65, 82] asks to find a substitution satisfying a quantifier-free logical formula
about a fixed reduction order. It is known that (ground) confluence of ordered
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rewriting (under a signature extension) is decidable [30] under the assumption
that the constraint solving problem of the underlying (ground-total) reduction
order is decidable. Also, ordering constraint solving is used [110] for solving
the ground joinability problem [76]. So, investigation of the constraint solving
problem for the GWPO (equivalently, for the SPO) is apparently of interest.

From termination to complexity. It is known that from certain forms of ter-
mination proofs one can extract information about upper bounds of derivational
complexity, i.e., the maximum number of steps needed to normalize terms of a
certain size. On one hand, the LPO induces multiply recursive upper bounds [28,
109], the multiset path order induces primitive recursive ones [28, 58], and the
KBO induces upper bounds expressed by the Ackermann function [70, 81]. On
the other hand, the SPO (resp. WPO) characterizes (resp. simple) termination of
TRSs, and therefore we cannot extract any meaningful information about deriva-
tional complexity, see [71, 108]. So, a possible question is whether we can restrict
the (G)WPO in a way that it induces revealing complexity upper bounds. More-
over, there are variants of path orders [5–7] that are useful to (automatically)
analyze a restricted form of derivational complexity (innermost runtime com-
plexity). It seems also interesting to consider incorporating the idea of GWPO
to those techniques.
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